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ABSTRACT
Gradient-based algorithms have been employed to solve numerous problems due to their

efficiency, particularly in large-scale scenarios. The convergence theories of these algorithms rely
on the assumption that exact first-order information is available. However, these algorithms fre-
quently operate with inexact information regarding the optimization problem, such as the objective
function and its gradient. In recent decades, studies have analyzed the convergence of these al-
gorithms in inexact environments for solving both optimization problems and systems of nonlinear
equations. This study presents a convergence analysis of an inexact gradient method for smooth and
unconstrained optimization, considering three distinct step size strategies: constant, variable, and
diminishing. The analysis demonstrates that the method converges to stationary points under the
condition that the inexact gradient error is upper bounded by a quadratically summable sequence of
error tolerances. The results obtained from a numerical experiment strongly support the proposed
convergence theory.

KEYWORDS. Inexact Gradient Method. Smooth and Unconstrained Optimization. Inexact
First-Order Information.
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RESUMO
Algoritmos baseados em gradiente t€ém sido empregados para resolver numerosos prob-

lemas devido a sua eficiéncia. A teoria de convergéncia desses algoritmos depende da disponi-
bilidade de informacdes exatas de primeira ordem. Entretanto, esses algoritmos frequentemente
operam com informagdes inexatas do problema de otimiza¢do, como a fun¢do objetivo e seu gradi-
ente. Nas ultimas décadas, estudos concentraram-se na andlise de convergéncia desses algoritmos
em ambientes inexatos visando resolver problemas de otimizagdo e sistemas nao lineares. Este es-
tudo apresenta uma andlise de convergéncia de um método do gradiente inexato para otimizacgdo
suave e irrestrita, considerando trés estratégias distintas de tamanho de passo: constante, varidvel
e decrescente. A andlise demonstra que o método converge para pontos estaciondrios, desde que
o erro do gradiente inexato seja limitado superiormente por uma sequéncia de tolerancias de erro
quadraticamente somdvel. Os resultados obtidos por meio de um experimento numérico estdo em
conformidade com a teoria de convergéncia proposta.

PALAVRAS CHAVE. Método do Gradiente Inexato. Otimizacao Irrestrita e Suave. Informa-
¢ao Inexata de Primeira Ordem.

Toépicos (Otimizacio Nao Linear, Otimizacao Continua)
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1. Introduction

In general, the convergence analysis of gradient-based algorithms relies on the assumption
that exact first-order information is available. However, certain situations may lead to errors, partic-
ularly when the function lacks an analytic form, is affected by noise, or is a smooth approximation
of a non-smooth function [Khanh et al., 2023]. In fact, obtaining such information consistently
results in errors due to floating-point arithmetic. Furthermore, errors may arise when solving auxil-
iary problems through iterative methods to acquire information about the problem. Such errors are
particularly prevalent in optimization problems with partial differential equation constraints [Hinze
et al., 2009]. In these problems, to compute the objective function and its gradient, it is necessary
to perform one or more numerical simulations and solve auxiliary linear systems using iterative
methods. As a result, both the objective function and its gradient are often inexact. Despite the
inevitability of inexact information, it is essential to recognize that inexactness is not invariably
detrimental; it can be purposefully utilized to reduce the computational cost of algorithms.

In recent decades, numerous studies have been conducted on the inexactness in gradient-
based algorithms to address both optimization problems and nonlinear systems of equations. These
studies generally aim to develop new convergence theories that ensure the convergence of this class
of algorithms under inexact scenarios. In particular, gradient methods have been rigorously inves-
tigated within inexact environments. For instance, Polyak [1987] analyzed the impact of inexact
gradient values on the gradient method for convex and smooth problems. Bertsekas and Tsitsik-
lis [2000] justified the convergence of the gradient method in the presence of errors in smooth
problems, provided that these errors are smaller than the product of the step size and an expres-
sion dependent on the exact gradient. Later, d’ Aspremont [2008] extended the accelerated gradient
method introduced by Nesterov [1983] to incorporate inexact gradients.

Devolder et al. [2014] introduced the concept of inexact first-order oracles and analyzed,
within this framework, the performance of various first-order methods for smooth and convex prob-
lems, such as the primal, dual, and accelerated gradient methods. It was observed that the acceler-
ated gradient method accumulates errors linearly with the number of iterations, whereas the gradient
method does not experience this issue. To address this problem, Devolder et al. [2013] proposed
the intermediate gradient method. The primary characteristic of this method is its ability to com-
bine the advantages of the previously mentioned methods. Specifically, the method demonstrates
a convergence rate comparable to that of the accelerated gradient method and robustness similar
to that of the gradient method in scenarios where the oracle is inexact. Later, Dvurechensky and
Gasnikov [2016] expanded the intermediate gradient method to include problems with stochastic
oracles. Recently, Khanh et al. [2023] introduced a reduced inexact gradient method for identifying
stationary points of continuously differentiable and non-convex functions.

Due to the ubiquity of inexact first-order information in practical optimization problems,
this study investigates the convergence of an inexact gradient method for unconstrained and smooth
optimization. The analysis considers three step size strategies: constant, variable, and diminishing.
The main objective is to show that every limit point (if any) of the sequence generated by the method
is a stationary point, even when the gradient information is inexact. Although many works in the
literature address convergence under inexact gradients with various step size rules, the novelty of
this work lies in the simplicity and generality of the method analyzed. The algorithm is very close to
classical gradient method, differing only in that the gradient is inexact and the error follows a gen-
eral, quadratically summable sequence. Unlike prior works that focus on more complex or tailored
algorithms, this study demonstrates that even a basic gradient method with minimal modifications
can achieve convergence in inexact settings, making it a practical and theoretically sound approach
for real-world problems where exact derivatives may be unavailable or costly to compute. This ar-
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ticle is organized as follows. Section 2 presents the theoretical preliminaries. Section 3 introduces
the inexact gradient method, followed by its convergence analysis in Section 4. Section 5 presents
a numerical experiment to support the theoretical findings. Final remarks are given in Section 6.

2. Mathematical Preliminaries

This section introduces basic results concerning smooth functions. Smoothness represents
a characteristic of functions often observed in convergence theorems of gradient-based algorithms,
as it ensures that the gradient remains relatively stable across the domain.

Definition (Smoothness). Let I > 0. A continuously differentiable fl}vnction F:R™ = Ris said
to be L-smooth with respect to the Euclidean norm if its gradient VF' : R™ — R™ is Lipschitz
continuous, as follows:

|VF) - VEE)|| < Lix-yly ¥y eR™

The constant L is referred to as the Lipschitz constant.

An important fact about smooth functions is that they can be upper bounded by a quadratic
function at every point within their domains, as ensured by the following lemma.

Lemma 2.1 (Quadratic Upper Bound). Let F :R™ — R be an L-smooth Sfunction. Then,

~ ~ L
Fy) < F(Z)+VF(Z)T(Y—Z)+§Hy—z\|ga Vy,z € R™. (1)
Proof. The proof can be found in Beck [2017]. O

Under moderate conditions, Lemma 2.1 is valid even when the gradient is inexact, as
demonstrated by the subsequent lemma.

Lemma 2.2 (Inexact Quadratic Upper Bound). Let F : R™ — R be an L-smooth function. If
the inexact gradient of F, denoted by VF : R™ — R™, satisfies the condition

HVﬁ(z) - Vﬁ(z)H2 <6, VzeR™, ?)

where VF : R™ — R™ is the exact gradient ofﬁ and 0, € R is the error tolerance, then

. I
F(y) < F(z)+ VE(2)" (y —2) + S lly - zl5+3, Vy,zeR™,

wherein L' = 2L and 6], = 62 /2L.

Proof. As F is L-smooth, from Lemma 2.1 it follows that

F(y) < F(s) + V@) (y ~2) + Sy — 2l ¥y €R™. G
Note that the term with the gradient of Fin (3) can be rewritten as

VF@)(y ~2) = VE@)(y ~2) + [VF(z) - VE(2)] (v ~2) @)
Furthermore, the second term in (4) can be upper bounded by utilizing Young-Fenchel’s inequality,

as stated in Vasin et al. [2023]. This leads to

— ~ T

_ 1~ —~ 2 L
VE(z) - V(@) (v-2) < o | V(=) - VE@)|+ 5y - 23 5)
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Observe that (4) can be effectively bounded above using (5), yielding the following expression:
~ o 1 ~ o 2 T
VE@)(y—2) S V@) (y—2) + 57| VF(@) - V@) + Sy -2} ©

Inequality (3) can be reformulated using (6), as follows:

Fly) <F(z)+ VF(z)"(y —2) + % ‘Vﬁ(z) — VF(z) z + Ly — zlf3. (7)

Since (2) holds, one can rewrite (7) as

- . I
F(y) = F(a) + V@) (y — )+ Sy — 2l + 0, vy cB™.
where L' = 2L and 8, = 02 /2L. O

3. Inexact Gradient Method (IGM) N
Given an L-smooth function F' : R™ — R, for which there exist z, € R" such that

F(z,) = ngﬂig}n F(z), the purpose is to solve unconstrained optimization problems of the form

min  F(z)
z e R™

using an IGM. This method is defined by the following iterative updating rule:
21 = 2, — tV F(zy), Yk € No, ®)

where zg € R™ is a given initial point, (Zj)ren, is a non-negative sequence of step sizes. The
inexact gradient VF : R™ — R™ is an approximation to the exact gradient VF' : R™ — R™ that
satisfies the following condition:

Hvﬁ(zk) - Vﬁ(zk)H2 <6, Vke N, )

wherein (0x)xen, is a non-negative sequence of error tolerances. Similar to the gradient method
(GM), the IGM also has a descent lemma that is essential for formulating its convergence theory.

Lemma 3.1 (Inexact Descent Lemma). Let F : R™ — R be an L-smooth function. Given an
initial point zg € R™, consider the sequence (zr,)rcn generated by equation (8). If (9) holds, then

~ ~ L't _~ 2
Flzp1) < Flzg) — (1 _ 2k> va(zk)‘L + oL, Vk e N, (10)

where &), = 62 /2L and L' = 2L.

Proof. As F : R™ — Ris an L-smooth function and (9) holds, it follows from Lemma 2.2 that

. !/

~ - L
Fly) < F(zi) + VF(z)" (v = 2i) + Iy - zi|3 + 0, Vy € R™, (11)

Applying (11) with y = z; and utilizing (8) in the resulting expression yields
~ ~ - I/
F(zg11) < F(zi) + VF(z)" (241 — 21) + o llZae1 = zil3 + 0,
L't
2

< F(zg) — t (1 - > Hvﬁ(zk)Hz + 0).
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According to (9), if the inexact gradient approaches zero, the exact gradient will also tend
to zero.

Lemma 3.2 (Exact Stationarity). Let F' : R™ — R™ be a differentiable function and (zk)ken, be
the sequence generated by (8), where zg € R™ is a given initial point. Suppose that (9) holds for a
non-negative and quadratically summable sequence (0r)ken,- If

lim VF(z;) = Ogm,

k—o00
then B

lim VF(zg) = Ogm. (12)

k—o0

Proof. From the triangle inequality and (9), one obtains
Hvﬁ(zk)H2 - Hvﬁ(zk) +VF(z) — Vﬁ(zk)H2

< [P, om0 - T,

< |[VE@)|, + o (13)
As both terms on the right-hand side of (13) approach zero as &k — oo, (12) is obtained. ]

4. Convergence Analysis
This section develops the convergence theory of the IGM for smooth functions using

three distinct step size strategies: constant, variable, and diminishing. It will be demonstrated that
every limit point (if any) of the sequence generated by (8) is a stationary point under each of these
strategies.
4.1. Constant Step Size

Consider the IGM with a constant step size such that ¢, = ¢ > 0 for all £ € Ny. The sub-
sequent theorem establishes the convergence of this method to a stationary point under the specified
condition.

Theorem 4.1 (Convergence for a Constant Step Size). Let F : R™ — R be an L-smooth function.
Given an initial point zy € R™, consider the sequence (zy,)rcn generated by (8) with a constant step
size t € (O, %) If (9) holds for a non-negative and quadratically summable sequence (01)ken,,
then _ B
lim VF(zy) =O0gm and lim VF(zg) = Ogm.

k—o00

k—o0

Proof. As F is an L-smooth function and (9) holds, Lemma 3.1 assures that

~ ~ L't . 2
F(zps1) < Flzy) —t (1 . 2) HVF(zk)H2 48, VkeN, (14)
Summing (14) from 0 to K — 1 (where K > 1), one obtains
K-1 N e K ) q K=
Ly 2
> [Flznn) — Flaw)] < — (1 - 2) > [V + 55 ILINE

Note that the left-hand side of (15) is a telescoping sum. Thus, this inequality can be rewritten as

N N = N EL
F(zk) < F(20) + 57 kz—o O —t (1 - 2) kZ_O HVF(Zk)HQ' (16)
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Since F is lower bounded and (Ok) keNo is quadratically summable, it follows from (16) that the se-

00 |~ 2 S

ries ) ’ VF(zk)H2 must converge. This implies that HVF(zk) H2 — 0 as k£ — oo. Consequently,
k=0

limg_y00 VF(z1,) = Ogm. Therefore, Lemma 3.2 ensures that limy_, o, VF(z;,) = Ogm. O

4.2. Variable Step Size
The flexibility of the IGM can be enhanced by allowing a variable step size. In this
context, suppose that there exists ¢,¢ > 0 such that t < ¢ < % Then, ¢t can be represented as

follows:
~ 2 0%

t= o
Consequently, instead of a constant step size, one can adopt a sequence (¢ )xen, such that

with 0 <y <2-—tL.

_ 2 —
t € [t, L,'V] . VkeN,. (17)

The following theorem establishes the convergence of the IGM to a stationary point under these
conditions.

Theorem 4.2 (Convergence for a Variable Step Size). Let F :R™ — R be an L-smooth function.
Given an initial point zg € R™, consider the sequence (zy,)rcn generated by (8) with a step size

T’y ,wheret > 0and 0 < v < 2 —tL'. If (9) holds for a
non-negative and quadratically summable sequence (0y)reN,, then

sequence (ty)ken, such that tj, € [t,

lim Vﬁ(zk) = ORm and lim Vﬁ(zk) = O]Rm.
k—o0

k—o0

Proof. Given that F'is L-smooth and (9) holds, it follows from Lemma 3.1 that

_ . Ut ==, P2
F(zrs1) < Fzp) — th (1 . 2’“) HVF(zk)HQM;, vk € No. (18)

Asty, < (2 —+)/L forall k € Ny, it can be verified that

o2

/
2_<1_L;k>, vk € No. (19)

Using (19), it is possible to rewrite (18) as follows

Y, |Is& 2 /
F(zpsr) < F(zy) — §tkHVF(zk)H2 44 20)

Summing inequality (20) from 0 to K — 1 (where K > 1) yields

1 K-1 ~ K-1 9
_ _ i .
Flex) < Flu) 497 3ok = kZO 0| VE @) @1

Since F is lower bounded and (0 )ken is quadratically summable, (21) implies that

itkHVﬁ(zk)Hz < 0. 22)
k=0
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Note that t;, > ¢t > 0 for all k& € Ny. This means that the sequence of step sizes is bounded away
from zero. Thus, from (22) one can obtain the following result:

k=0
Consequently,
o
-~ 2
> [w | <o
k=0 2

This ensures that limy,_,o, V F' (z);) = Ogm. Therefore, Lemma 3.2 implies that limy_, oo VF (z) =
Ogm. O

4.3. Diminishing Step Size
Instead of considering a constant or variable step size, one approach involves utilizing a
diminishing step size, which satisfies the following conditions:

o0

Dt <o, (23a)
and
Z t = o0o. (23b)

To establish the convergence of the IGM with a diminishing step size, the subsequent lemma is
necessary.

Lemma 4.3 (Stationarity Lemma). Let F : R™ — R be an L-smooth function. Given an initial
point zg € R™, consider the sequence (z1)ren generated by (8) with a step size sequence (ty,)ken,-
Suppose that (9) holds for a non-negative and summable sequence (0x)ken,. If

> _ 2
ZtkHVF(zk)HQ < o0 (24)
and _
lim ianVF(zk)H —0, (25)
k—o0 2
then B
lim ‘VF(zk))‘ ~0. (26)
k—o0 2

Proof. Suppose, in anticipation of deriving a contradiction, that (26) fails to hold. Consequently,
there exists € > 0 such that B
lim sup HvF(zk)HQ > e 27)

k—o00

Given the validity of (25) and (27), the sequence of inexact gradient norms demonstrates an oscil-
latory pattern, enabling the division of the sequence into segments characterized by relatively small
or large norms. Accordingly, define (m;) en, and (n;) en, as sequences of indices such that

my; < mnj < Mmjq1, V5 € Np,
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Hvﬁ(zk)H > % for m; < k < nj, (28)
’ Vﬁ(zk)H < %, forn; <k <mjy1. (29)

. . . € . . -
Since (0f)ken, is summable, given B > 0 there exist a sufficiently large constant j; € Ny such

that

s €
’;m: O < I (30)

Similarly, as a result of (24), for any ¢2/18L > 0 a sufficiently large constant j, € Ny can be

identified such that

—_ €
3 tk‘ VF(zk)HQ <17 31)
Define j € Ny as

Also, note that
Hvﬁ(zkﬂ) - Vﬁ(zk)Hz < Hvﬁ(zkﬂ) - Vﬁ(szrl)HQ v Hvﬁ(zkﬂ) - Vﬁ(zk)H2
+ Hvﬁ(zk) - vﬁ(z,g)H2
< Opt1 + L|zpy1 — zi||y + O (32)

Consequently, for every j € Ny where j > j and each m € Ny satisfying m; < m < n; — 1, the
implications of (30) and (32) are as follows:

n;—1

‘Vﬁ(znj) —Vﬁ(zm)HQ < Z Hvﬁ(zkﬂ) —Vﬁ(zk)HQ
k=m

n;—1 n;—1 n;—1
<D G+ LYz —zilla + ) G
k=m k=m k=m
nj—l
6 — ~
- 6+Lkz tkHVF(zk)HQ. 33)
=m

By employing (28) and (31), one can express (33) in the following form:

n;—1

o

o) V)] < )

(34)
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Based on (29) and (34), it can be established that

|VE @), = |V F@n) - VF(z,) + TF(a,)
P

.

< ‘ VF(2,) — VE(z,) (2 v Hvﬁ(znj)HQ
€ €
< 4 -
-3 3
2¢ -
=3 Vi>3, mj<m<n;—1 (35)
From (29) and (35), it follows that
—~ 2 _
HVF(Zm)Hz < EE, Vi>g, mj<m<mjy.
Thus,
—~ 2¢
HVF(zm)H2 < 3 VYm = my.
However, this contradicts (27). Therefore, (26) holds. ]

Based on Lemma 4.3, the subsequent theorem establishes the convergence of the IGM
with a diminishing step size to a stationary point.

Theorem 4.4 (Convergence for a Diminishing Step Size). Let F : R™ — R be an L-smooth func-

tion. Given an initial point zg € R™, consider the sequence (zy)ren generated by (8) with a step

size sequence (ti)ien, satisfying (23a) and (23b). If (9) holds for a non-negative and summable

sequence (0k)keN,, then

lim VF(z) =O0gm and lim VF(z;) = Ogm. (36)
k—o0

k—o0

Proof. As a consequence of the smoothness of F and the validity of (9), Lemma 3.1 ensures that

~ ~ L't —~ 2
Flzpi1) < Flzp) — b (1 — 2’“) HVF(zk)HQ oL, Yk e Ny 37)

Since (tx)ken, satisfies (23a), it converges to zero. Consequently, there exists a constant & € N

such that o(1 %
_ ¢ _
b < 21=0) <:>—cz—<1— 2’“), Vk >k, (38)

where ¢ € (0, 1). Using (38) in (37), one obtains
_ . - 2 _
Flag1) < F(zy) — ctkHVF(zk)HQ o, Vk>E. (39)

Summing (39) from k to K — 1 (where K > k + 1) yields

_ _ 1 K—-1 K—-1 s 9
Flog) < Flag) + 57 Yk —c Y tkHVF(zk)HQ. (40)
k=k k=k
Rearranging the terms of (40), one arrives at
K-1 9 _ 1 &Kol
> tkHVF(zk)Hz < Flag) — F(z) + 57 > 6 41)
k=k k=k
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As (0r)ken, is a non-negative and summable sequence, it follows that it is also quadratically
summable. Thus, (41) implies that

ZtkHVﬁ(zk)Hz < . 42)
i

To establish a contradiction, assume that for a given constant € > 0, there is k € N such that
Hvﬁ(zk)H >, Vk>Fk.
2

Thus, employing (23b) leads to the subsequent condition:

o) s 9 o)
ZtkHVF(Zk)HQ > 62 Ztk = 00,
k=k k=k

which contradicts (42). As a result, one has

lim inf HVﬁ(zk) H —0. 43)
k—o00 2
Due to (42) and (43), (36) follows from Lemmas 4.3 and 3.2. L]

5. Numerical Experiment
To provide numerical evidence supporting the convergence theory of the IGM, the follow-
ing problem was considered:

min_ F(z) = ||Az — b||3, 44
z € R? 44
B 23 1 . B
where F : R - R, A= |1 4 2|,andb=[5 6 7] . Itisnoted that F is lower bounded
3 2 5

by 0 and is L-smooth, since its exact gradient VF : R — R3, given by VF(z) = 2AT[Az — b,
satisfies B N
|VFe) - VEy)|| <2 ATA], Ix -yl Wxy e R
i L

By employing the forward finite difference formula to compute the inexact gradient VF : R3 — R3
at each iterate generated by (8), Berahas et al. [2022] demonstrated that

Loy/3
2 )
O

Hvﬁ(zk) _ vﬁ(z,ﬂ)H2 <

where oy, is the finite difference perturbation parameter at the k-th iteration, and L denotes the
Lipschitz constant. For the numerical experiment, o, = 1/(k* + 1) and L = 2||ATA||, were
considered. The initial point was zg = [0.1 1 0.5]T.

The problem (44) was addressed using both GM and IGM with either a constant step size,
t = 0.99/L, or a diminishing step size, t;, = 5/[L(k*/*?> 4 1)], which fulfill (23a) and (23b). The
stopping criterion for both methods was established based on the norm of the respective gradients
(exact or inexact) falling below the tolerance ¢ = 10~%. It is important to note that this numerical
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experiment does not aim to demonstrate efficiency; rather, it seeks to illustrate that both exact and
inexact gradients converge as prescribed by the theoretical analysis.

Figure 1 shows the objective function and gradient values for both methods with constant
and diminishing step sizes. In the IGM, both exact and inexact gradient values were computed,
as shown by the blue and green curves in Figures 1b and 1d. For the GM, only exact gradients
were calculated, as shown by the red curves in the same figures. As can be seen, both gradients
in each case reached the desired tolerance. The constant step size requires fewer iterations than
the diminishing step size, as the latter’s progressively smaller steps slow down convergence. Fur-
thermore, notable differences in the objective function values deserve explanation. For the constant
step size, the IGM gradients closely align with those from GM during the initial iterations, which
accounts for the similar objective function values in Figure 1a. However, as the iterations progress,
the IGM exact gradient decreases at a slower rate than the inexact gradient. Consequently, this
results in inexact iterates that are far away from the solution, despite presenting a reduced inexact
gradient norm. This fact explains the gradual decrease of the IGM objective function. In the case of
the diminishing step size, the IGM gradients are consistently smaller than those of the GM, which
elucidates why the IGM objective function values are lower than those of the GM (see Figure 1c).
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Figure 1: Objective function and gradient values produced by the GM and IGM using constant and

diminishing step sizes. The sequence (X )xen, in the legends is generated by the GM.

6. Conclusions and Future Research

This study establishes the convergence theory for an IGM applied to smooth functions,
considering three step size strategies: constant, variable, and diminishing. Under certain reasonable
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assumptions, it was demonstrated that every limit point (if any) of the sequence generated by the
method is a stationary point when utilizing any of these strategies, even within an inexact frame-
work. A numerical experiment was conducted, and the results align with the proposed convergence
theory. For future investigations, there are plans to extend the theoretical analysis to methods for
constrained optimization and to apply more efficient sensitivity analysis techniques.
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