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ABSTRACT

Forecasting intermittent demand has become increasingly important in retail, leading to
the development and adoption of new forecasting methods like the score-driven (SD) approach. In
this study, we propose a dynamic SD Poisson mixture model for intermittent time series forecasting,
formulated within a general dynamic mixture model framework. The proposed model accommo-
dates overdispersed data while preserving parameter recursions analogous to those of the standard
SD Poisson model. We evaluate the model using real-world Walmart sales data, benchmarking its
performance against existing SD-based forecasting models from the literature. Our results indi-
cate that while the mixture model outperforms the basic SD Poisson model, it does not surpass the
predictive accuracy of the SD negative binomial model.
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1. Introduction

Intermittent time series are characterized by sequences of positive values interspersed
with zeros, and are commonly observed in the demand for spare parts and retail products at dis-
aggregated levels. The seminal work of Croston [1972] has initiated the literature on forecasting
and inventory control for such series, which proposed a method specifically designed to address
the unique challenges of intermittent demand. Croston’s method addresses the forecasting of in-
termittent time series by decomposing the problem into two separate components: the prediction
of demand sizes (conditional on a positive observation) and the estimation of the number of pe-
riods between successive non-zero demands. Each component is forecasted independently using
simple exponential smoothing (SES) [Brown, 1959], with the same smoothing parameter applied
to both processes. Due to the high value of spare parts and the significant consequences that stock-
out events can have for consumers, early applications of intermittent demand forecasting naturally
concentrated on inventory control for spare parts. This emphasis is reflected in the frequent use of
the Royal Air Force (RAF) dataset as a benchmark in early research, a tradition that continues to
shape more recent studies [Eaves and Kingsman, 2004; Teunter and Duncan, 2009; Petropoulos and
Kourentzes, 2015].

The expansion of intermittent demand forecasting into the retail sector has been driven
by the increasing need to manage demand at highly granular levels, such as the stock-keeping unit
(SKU)-store-day level. This shift reflects the growing recognition of the critical role that slow-
moving items play in inventory management. As pointed out by Johnston and Boylan [1996] and
Syntetos et al. [2016], a substantial portion of companies’ total stock investments is tied to these
items. More recently, Makridakis et al. [2022] demonstrated the scale of this phenomenon, showing
that approximately 63% of Walmart’s time series in the M5 competition could be classified as slow-
moving, a proportion that increases to 90% at the SKU-store-day level.

The growing importance of intermittent demand forecasting methods is driven by their
prevalence in typical supply chain settings and the financial impact that improvements in forecasting
accuracy can yield. The relevance of this area in the broader forecasting landscape is evidenced by
an entire subsection dedicated to it in the review by Petropoulos et al. [2022]. The authors divide the
main contributions in this literature into parametric and non-parametric methods. In what follows,
we focus on parametric methods, as the contribution of this paper builds upon and extends this
family of approaches.

Most contributions to parametric methods for intermittent demand forecasting are, in
some way, adaptations of simple exponential smoothing (SES), enhancing the original approach
proposed by Croston. Syntetos and Boylan [2005] introduced a correction to Croston’s method that
achieves approximate unbiasedness under the assumed data-generating process (DGP) that moti-
vated its development. Teunter et al. [2011] suggested forecasting the probability of demand rather
than the interval between demands, which enables updates at every period; unlike earlier methods,
forecasts are only updated following the occurrence of demand. Building on this, Snyder et al.
[2012] proposed recurrently applying SES equations to update the mean of discrete probability
distributions. The importance of generating full distributional forecasts, rather than solely point
forecasts, is emphasized by Syntetos et al. [2016] and Kolassa [2016], particularly given that the
primary application of these forecasts is in inventory control. Except for the approach by Snyder
et al. [2012], the methods above require additional adaptations to produce quantile forecasts neces-
sary for calculating safety stocks. The most commonly used technique for this purpose is based on
a normal approximation [Teunter and Sani, 2009; Kourentzes, 2013].

A more recent contribution to probabilistic forecasting methods was made by Sarlo et al.
[2023], who proposed the application of generalized autoregressive score (GAS) or score-driven
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(SD) models to intermittent demand forecasting. Initially developed independently by Creal et al.
[2013] and Harvey [2013], SD models provide a flexible framework for constructing dynamic mod-
els for non-Gaussian distributions, whether discrete or continuous. Using real sales data from a
large retailer in Brazil, Sarlo et al. [2023] demonstrated the strong performance of their proposed
models, particularly those based on the negative binomial distribution, as well as the hurdle Poisson
and hurdle negative binomial models. Notably, the negative binomial model performed comparably
to, and in some cases better than, alternative distributions, highlighting its suitability for intermittent
demand settings. Unfortunately, the SD Poisson model did not perform well compared to other SD
and traditional intermittent demand forecasting models.

Given the relevance of the Poisson distribution for modeling count data, as well as its
flexibility and simplicity [Uglickich and Nagy, 2025], this study aims to enhance the score-driven
Poisson model by investigating its mixture-based formulations. Specifically, we propose a dynamic
Poisson mixture model within the framework introduced by Catania [2019], which develops a gen-
eral setup for mixture models, referred to as dynamic mixture models (DAMMs). Our Poisson
mixture score-driven (SD) model can handle overdispersed data - one of the key strengths of the
negative binomial distribution - while retaining the parameter recursions similar to those of the
standard Poisson model. The proposed model is evaluated using real-world data from slow-moving
items at Walmart, which were part of the M5 Competition [Makridakis et al., 2022]. The idea of
using Poisson mixtures to address overdispersion is well established in the literature, with earlier
studies such as Wedel et al. [1993] and Viallefont et al. [2002] demonstrating the effectiveness of
mixture models for predicting overdispersed count data, an advantage we also expect to be helpful
in the context of intermittent demand forecasting.

This article is organized as follows. The next section presents the SD framework and
its extension for mixture distributions proposed by Catania [2019]. The third section discusses
the empirical exercise conducted to evaluate the proposed model; The fourth section compares the
results with other SD-based models. Finally, Section 5 concludes the paper and suggests directions
for future research.

2. Score-driven models

The score-driven or GAS framework [Creal et al., 2013; Harvey, 2013] provides a uni-
fied methodology to derive time-varying parameter models for non-Gaussian distributions. The
key element of this framework is the (scaled) score of the assumed probability distribution, which
drives the variation in the parameters of the models. This section presents SD models, focusing on
intermittent demand forecasting, while more general formulations are indicated.

The first building block of a score-driven model is the assumed probability distribution
for the time series of interest. Let y;, where ¢ = 1,...,T, be the time series of interest, which is
assumed to follow a probability density/mass function, y; ~ p(yt| fyje—1, Ft—1;0). fye—1 is a vector
that collects the parameters of the conditional distribution of y; assumed to be time-varying, F;_1
represents the information available at time ¢, and 6 is a vector containing fixed parameters.

The recursive equations of the time-varying parameters in this work follow a local level
model, one of the possible specifications in the unobserved components form, as in Caivano et al.
[2016]:

hf(ft\t—l) = Myt (1)

Myj—1 = My_1)4—2 + KSfe—1, K>0 (2)

Equation (1) states that each element of the time-varying vector fy;_;, after suitable
parametrization via hy, is driven by a specific unobserved component, my|; 1, which in the present
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context represents the level of the time series. More specifically, Equation (2) defines the law of
motion assumed for the level component m;;_1, namely, a random walk. The element Sy is the
reparameterized scaled score that drives the dynamics of f;;_;, acting as an innovation in the model
equations - further details on this will be provided in the subsequent paragraphs. In broader con-
texts, such as in Caivano et al. [2016], this same element is responsible for driving the dynamics
of all unobserved components of the model, resembling the single-source error state space model
discussed in Hyndman et al. [2008].

The fixed parameter x and the initial value of the recursion in (2), mg, are collected
in the vector 6§ and are estimated by maximum likelihood, which can be readily obtained since
P(yel fejt—1, Fe—1;0) has a closed form. Alternatively, one can heuristically define initial values for
the recursion and condition the estimation and filtered components on these values.

The model presented in Equations (1)-(2) is a specialized version of Sarlo et al. [2023],
where the authors added more unobserved components and also explanatory variables. Another
possible formulation uses ARIMA-like recursions for the time-varying parameters, as in Creal et al.
[2013].

The final component of the specification of the SD framework is the reparameterized

scaled score. We begin by defining the scaled score in Equation (3), which is the suitable driver of

the components’ dynamics when h ¢ (.) is the identity link. V; = W is the score of the

1

assumed distribution for y;, and Zy; | = Ey1 [V V] is Fisher information matrix. When d = 3,

Zl/Q def

fio1 = Jij¢—1. the latter being obtained from the Cholesky decomposition Z;; 1 = jt’| e 1Jtjt—1-

St:Itﬁd_lth, d=0,0.5,1. (3)

After defining the scaled score, the reparametrization follows from a direct application of
the chain rule. The link function h¢(.) is employed to ensure that the elements of Jft|¢—1 remain
in the suitable region for the distribution of y,. Natural use cases of link functions, other than the
identity, are when the parameter we are interested in making time-varying is a probability, which
must lie in the [0, 1] interval, and the mean for count data distributions, which is typically greater
than zero. In these cases, we define an auxiliary vector h, which contains the elements of the
mapping hy(fye—1) = ft|t_1, where ft\t—1 € R and f;_, is a restricted parameter. Then, if we
define a matrix h; = 782%1“11) | fyjo_1 it follows that Vi = dlp(ylfur Fiori0) /o0 = h 1V,

and j:t|t,1 =FE [@t@;] Finally, we obtain the reparameterized scaled score as:

hiv,  ifd=0;
§0= 1 Ty Ve  ifd=3; 4)
o )
hIﬂt_th ifd=1.
In the empirical exercise, we set d = 0, following the discussions in Sarlo [2021] and
Sarlo et al. [2023]. Another important choice to derive the specific expressions of 5; in Equation
(4) is the assumed distribution for y;. Natural candidates for intermittent data are the Poisson and
negative binomial distributions, along with their hurdle and zero-inflated counterparts, which we
use as the benchmarks to the proposed Poisson mixture model defined in the ongoing paragraphs.
In the hurdle and zero-inflated specifications, the binomial trial that governs the occurrence of a zero
demand also follows a random walk, allowing for time-varying probabilities. We refer the reader to
Sarlo [2021] for the details of the derivation and final expressions of 5;.
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2.1. Dynamic Poisson Mixture
Following the score-driven (SD) framework discussion, we present the extension to mix-

ture models proposed by Catania [2019]. Mixture models arise in various contexts in statistics,
including model-based clustering and density estimation [Bishop, 2006; Hastie et al., 2001]. As
before, we focus our presentation on the model specification for intermittent demand forecasting.
As in other applications of mixture distributions, we assume that the variable of interest is drawn
from a convex combination of underlying probability distributions:

J
Pyl frje—1, - Frppe—1, Fr-1;0) = ijpj(yt|fj,t\t—1a]:t—1§ 0;) &)
=1

In Equation (5), we let each p; (v Jjtle—15 Ft—1; 6;) component follow a score-driven

model. The mixture weights w; € (0, 1) satisfy Z;-le w;j = 1, and define the full parameters set as
0 = (0;,w;,j = 1...J). Unlike the original formulation, we do not allow the mixture weights w;
to vary over time; instead, they are estimated via maximum likelihood alongside the other elements
of 8. Although not required, it is common practice to assume that all component distributions p; in
the mixture belong to the same family, differing only in their parameter values.

After defining the mixture distribution for our variable of interest y, it is easy to obtain
the new score of the distribution of the mixture model:

U s i (el =1, Fi—1;05)
¢ TpWiel Frape—ts -5 Fagpe—1, Fe-1;0)

where V;; is the standard score of the jth component. For the dynamic Poisson mixture, Vi,

. Olnp; tle—1,Ft—130
has the same formula as that of the standard Poisson SD score: V;; = = (yg?‘z"z 1 1-16) _
JHtit—

Vi (©6)

yt—Ffie06—1
! j,tlt—1
Catania [2019] for details on the Fisher information matrix and the reparameterization of the scaled

score in mixture models.
The new time-varying term &; ;

, where f;;_1 is the mean of the jth Poisson component. The reader is referred to

— W D5 (Ye|fje)e—1,Ft—1305)
Ipelf1,eje—1s5f 7000 —1,Ft—1;0)
sponsible for weighting the parameter updates for each component of the mixture. In cases where

one component captures regular demand patterns while others account for atypical or irregular
events, this term helps to stabilize the updates by preventing large adjustments to the score of
the regular-demand component when unusual observations occur. As a result, Equation (6) can
be interpreted as a robust filtering mechanism, similar to the approach discussed in Blasques et al.
[2024].

in Equation (6) is re-

Previous studies successfully applied Poisson mixtures to overdispersed count data, such
as Wedel et al. [1993] and Viallefont et al. [2002]. Building on this, we expect that the ability to
handle overdispersion, combined with the robustness introduced by ; ; to the component’s updates,
can lead to improvements over the standard score-driven Poisson model.

In our empirical exercise, we follow the same specification as the benchmark models by
setting d = 0 in Equation (4). When applying the score-driven mixture Poisson model to real data,
we estimate versions with two to five mixture components. The final model used in the forecasting
exercise is selected based on the Bayesian Information Criterion (BIC).

3. Empirical study
This section presents the experiment to assess whether the proposed score-driven (SD)

Poisson mixture model improves upon the standard score-driven Poisson model. We first describe
the dataset used, then discuss the evaluation of forecasting accuracy, and finally present the method-
ology for model comparison.
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3.1. Data

To evaluate the performance of the dynamic Poisson mixture model, we conduct an em-
pirical study using the dataset from the M5 competition [Makridakis et al., 2022]. This dataset,
provided by Walmart, contains daily SKU-store sales and possible aggregations, encompassing
42,840 time series. The importance of generating forecasts at multiple aggregation levels for mod-
ern retail operations is highlighted by Fildes et al. [2022]. However, our study focuses on the most
disaggregated level - SKU-store-day - where slow-moving series are highly prevalent.

At the chosen aggregation level, a total of 30,490 series are available. We applied filters
to discard ill-behaved time series to select the final set of series for our model comparison. Fol-
lowing the classification proposed by Syntetos et al. [2005], we retained only those series with an
average demand interval (ADI) greater than or equal to 1.32 days, thereby focusing exclusively on
intermittent and lumpy demand patterns. As a final filtering step, we excluded any series in which
the longest sequence of zero sales exceeded 28 consecutive days. Given the absence of explanatory
variables capturing inventory levels, this last criterion is a proxy for identifying potential supply
issues.

After applying all filtering criteria, the final dataset consists of 4,430 time series. We
removed each series’s initial sequence of zero sales to avoid estimating models on periods preced-
ing the product’s introduction at a given store. The final 28 days of each series were reserved for
out-of-sample evaluation, consistent with the setup of the M5 competition, while the remaining ob-
servations were used for parameter estimation. This procedure results in in-sample periods ranging
from 96 to 1,941 days, depending on the timing of the first recorded sale.

3.2. Forecasting accuracy

All models derived within the score-driven framework naturally lead to the generation of
density forecasts, which are essential for inventory control since safety stock levels depend on the
upper quantiles of predictive distributions. In this context, the variable of interest is typically the
lead time (or cumulative) demand over a certain period. We assess forecast performance for lead
times L = 1 and L = 5. Following the approach of Czado et al. [2009] and Kolassa [2016], we
evaluate the quality of these forecasts using proper scoring rules. The definitions presented below
are adapted from Kolassa [2016].

Scoring rules are a class of loss functions that map a density forecast p and the realization
of a random variable y to a value. A scoring rule is considered proper if its expected value is
minimized when the forecasted density matches the true distribution of y. It is strictly proper if
this minimum is uniquely achieved when p equals the true distribution of . We follow Sarlo et al.
[2023] and use the Brier score when evaluating the predictive densities, as follows:

Brier(p,y) = —2p, + |p]|? (7)

where [|p|| = \/> peP2. The term p, represents the probability assigned to the value y by the
predictive density p.

3.3. Model comparison

We now describe the statistical procedure for comparing the proposed models across mul-
tiple time series. When evaluating two models on a single series, various comparison methods are
available, with the Diebold-Mariano test for differences in forecast accuracy being among the most
widely used. However, applying such tests repeatedly across many series leads to the multiple com-
parisons problem, increasing the likelihood of spurious significance. To address this issue, we adopt
the methodology proposed by Demsar [2006], which is briefly outlined in the following paragraphs.
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The procedure begins by calculating the forecasting accuracy metric for each dataset-
model pair over the forecasting horizon of interest. For each dataset and horizon, models are ranked
based on relative performance. The Friedman test, a nonparametric alternative to repeated-measures
ANOVA, is applied to assess whether there are significant differences in average rankings across
all datasets for a given forecasting horizon. If the null hypothesis of equal rankings is rejected,
the Nemenyi post-hoc test is then used to identify which pairs of models differ significantly in
performance. Ultimately, this procedure results in groups of models between which no statistically
significant differences in performance can be detected.

4. Results

We begin the discussion of results by presenting the outcome of the multiple comparison
procedure proposed by Demsar [2006]. For both lead time demand horizons evaluated, L = 1 and
L = 5, the Friedman test rejected the null hypothesis of equal model rankings at the 5% significance
level. This indicates that, for each lead time, at least one forecasting model performs statistically dif-
ferently. The models under comparison are the score-driven Poisson (POISSON), negative binomial
(NB), zero-inflated Poisson (ZIP), zero-inflated negative binomial (ZINB) models, hurdle Poisson
(HP), and hurdle negative binomial (HNB), along with the proposed Poisson mixture (MIXTURE)
specification.

It is common to visualize the results of the Nemenyi post-hoc test in a plot, as shown in
Figure 1. The horizontal axis displays the average ranking of each score-driven model across the
4,430 time series. A bold horizontal line connects models for which the null hypothesis of equal
forecasting accuracy cannot be rejected at the 5% level, based on the Nemenyi test. For example,
in Panel (a), although the ZINB model has a slightly better average ranking than the NB model, the
difference is not statistically significant. Both the Friedman and Nemenyi tests, as well as the plot
in Figure 1, were generated using the scmamp package [Calvo and Santafé, 2016].

The results from both panels of Figure 1 indicate that the dynamic Poisson mixture model
does improve upon the standard Poisson model. However, somewhat unexpectedly, it still fails to
outperform the simpler negative binomial (NB) model. For L = 1, the ZINB and NB models form
a top-performing group with no statistically significant difference between them. For L = 5, all
models except the standard Poisson perform similarly well.

(aL=1 (b)L=5
CD cD
— —
3 4 5 3 4 5
L | | l | |
ZINB zP ZINB zZIP
NB HP HNB NB
HNB ———— POISSON HP ————— L——— POISSON
MIXTURE —————————— MIXTURE

Figure 1: Comparison of model ranks

Two possible hypotheses may explain the superior performance of the negative binomial
(NB) model compared to the dynamic Poisson mixture. First, the NB model benefits from its par-
simony. In the current implementation, each component added to the Poisson mixture introduces
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three additional parameters: (i) a mixture weight w;; (ii) a parameter associated to the reparameter-
ized scaled score, « in Equation (2); and (iii) a level initialization, mg. The parsimony of the NB
specification may be particularly suited to modeling noisy time series, as is often the case in disag-
gregated sales data. In 4,410 of the 4,430 time series tested (more than 99% of the time), a model
with J = 2 components was selected via BIC, supporting this hypothesis. A second possibility is
that the NB model might be better equipped to handle the overdispersion observed in intermittent
demand data.

We now focus on understanding when and why the dynamic Poisson mixture model out-
performs the standard Poisson model. Figure 2 illustrates the last 50 in-sample days for one of
the time series showing the largest out-of-sample performance gap, measured by the Brier score,
between the two models. The figure also highlights two key hypotheses that may explain this dif-
ference in performance.

The first explanation relates to the role of the new time-varying term &; ; introduced by
the mixture model - see Equation (6). As previously discussed, this term weights the parameter
updates for each component, effectively adding robustness to the filtering mechanism. In Figure
2, this behavior is evident when contrasting the more erratic filtered mean from the Poisson model
(blue) with the smoother, more stable estimates produced by the mixture model (red).

A second explanation for the improvements observed in the mixture model is the possi-
bility that different mixture components capture distinct features of the true distribution of g;. The
standard Poisson model imposes strong constraints by tying together the mean, variance, and the
probability of observing a zero through a single parameter, ;. This rigid structure can limit its
ability to model intermittent and highly variable demand patterns accurately. In contrast, by com-
bining multiple components, the mixture model offers greater flexibility to adjust for overdispersion
and the frequency of zero observations, potentially leading to a better overall fit and more accurate
forecasts. This decoupling between different characteristics of the distribution of g, from \; likely
explains the differences in the filtered mean levels observed in Figure (2).

Figure 2: Comparison of filtered means
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To better understand the conditions under which the proposed model outperforms the
standard Poisson SD model, we investigate the relationship between time series characteristics and
the performance gains achieved by the mixture specification. Specifically, we focus on the two
characteristics typically used to classify demand time patterns: the squared coefficient of variation
(CVQ) and the average demand interval (ADI) [Syntetos et al., 2005]. Table 1 reports the estimated
coefficients from a logistic regression model, where the dependent variable is an indicator that is
equal to 1 if the Poisson mixture achieves a lower average Brier score than the standard Poisson
model for . = 1. The regressors were log-transformed to improve the model fit, as measured by
BIC.

Table 1: Logit Coefficient Estimates

Intercept log(CV?) log(ADI)
Estimate  1.162 0.951 0.386

Note: All regressors were statistically significant at the 1% level.

The results reported in Table 1 support our hypothesis that the empirical improvement
achieved by using the mixture Poisson model is related to its ability to model different features of
the true distribution of y;. The likelihood of selecting the Poisson mixture model as the best one
is increasing in both CV? and ADI. Higher values of CV? indicate greater dispersion relative to
the mean, while higher ADI values are associated with more intermittent demand patterns. These
are precisely the conditions under which the rigid structure of the standard Poisson model - where
a single parameter simultaneously governs the mean, variance, and probability of zero demand
- becomes most limiting. In contrast, the flexibility of the mixture model in capturing different
distributional features allows it to better adapt to such data characteristics.

5. Conclusion . . )
This paper proposed a score-driven Poisson mixture model, based on the developments of

Catania [2019]. The score-driven framework from Creal et al. [2013] and Harvey [2013] was previ-
ously applied in the context of intermittent demand forecasting with success in Sarlo et al. [2023].
Motivated by the empirical findings of the last paper - that the score-driven negative binomial model
substantially improves upon the standard Poisson model without the added complexity of hurdle or
zero-inflated distributions - we explored whether a SD Poisson mixture model could offer similar
or even superior benefits.

Although the negative binomial SD model remained the best-performing alternative over-
all, consistent with previous findings in the literature, the proposed dynamic Poisson mixture model
showed meaningful improvements over the standard Poisson SD specification. The results demon-
strate that introducing a flexible mixture structure within the SD framework can significantly en-
hance forecast accuracy, as measured by the Brier score. Discussing our empirical findings, we
offered hypotheses for why the mixture model achieves substantial gains over the standard Poisson
SD model. Further, we explained the mixture model limitations compared to the negative binomial
distribution, highlighting the roles of model flexibility, parsimony, and the nature of overdispersion
in the data.

While this study has been limited to the class of score-driven models, the results obtained
suggest several promising avenues for future research. One direction is to incorporate covariates
into the dynamic Poisson mixture model, potentially improving forecast accuracy by capturing ad-
ditional sources of variation. This, however, poses a significant challenge, as the number of param-
eters grows with each added covariate and mixture component. Another possibility is to extend the
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evaluation to an inventory simulation setting, which would provide a more direct assessment of the
model’s practical value for inventory control by linking forecast improvements to cost reductions
and service level gains. Finally, the proposed dynamic Poisson mixture model should be compared
with the extensive literature on intermittent demand forecasting. This includes recent extensions of
the single-source error state space model to intermittent data, as proposed by Svetunkov and Boylan
[2023], as well as machine learning approaches, such as those discussed in Lolli et al. [2017], to
better guide practitioners in selecting models suited to their observed demand patterns.
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