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ABSTRACT

In image processing, several tasks require the replacing of missing or deteriorated pixels
in digital images through algorithms capable of estimating plausible values for the damaged regions.
Total Variation (TV)-based formulations have been widely used for this purpose, generally relying
on horizontal and vertical differences between adjacent pixels. In this work, we propose a new
formulation that combines four TV directions into a single objective function, enabling a more
expressive representation of local structures to improve the quality of restored images. The resulting
unconstrained differentiable nonlinear optimization problem is solved using the limited-memory
quasi-Newton (L-BFGS) algorithm. Numerical experiments on diverse image sets and noise types
show that our approach outperforms the classical TV formulation in terms of standard image quality
metrics such as Peak Signal-to-Noise Ratio (PSNR) and the Structural Similarity Index Metric
(SSIM), without increasing computational cost.

KEYWORDS. Unconstrained Differentiable Nonlinear Optimization, Convex Optimization, L-BFGS,
Total Variation, Image Inpainting.

Paper topics: ONL — Nonlinear Optimization, OC — Continuous Optimization.

DOI: 10.59254/sbpo-2025-212564
http://live-proceedings.pantheonsite.io/p/212564


http://live-proceedings.pantheonsite.io/p/212564
http://dx.doi.org/10.59254/sbpo-2025-212564

5/°SBPO

2 SIMPOSIO BRASILEIRO DE
PESQUISA OPERACIONAL

*RS

DE 5 A 9 DE OUTUBRO DE 2025

1. Introduction

Image processing is a fundamental area within computer vision and digital signal processing, in-
volving tasks such as the analysis, enhancement, restoration, and transformation of digital images [Minaee
et al., 2021]. Image processing techniques are employed to extract meaningful information or to improve
image quality for visualization or subsequent analysis [Liu et al., 2022]. These techniques can range from
basic operations such as filtering, contrast adjustment, and noise reduction, to advanced methods such as seg-
mentation, edge detection, and object recognition [Chudasama et al., 2014]. As digital imaging technologies
evolve, the development of efficient and accurate image processing algorithms becomes increasingly impor-
tant, particularly those that can handle degraded, incomplete, or noisy visual data [Buades et al., 2005; Chan
and Shen, 2005]. These algorithms are essential in several applications, including medical imaging, remote
sensing, industrial inspection, autonomous vehicles, and multimedia systems [Jdhne, 2005].

In this regard, the image inpainting problem involves the process of reconstructing missing, cor-
rupted, or degraded regions in digital images, with the objective of generating visually consistent content that
maintains structural coherence with the surrounding areas [Elharrouss et al., 2020; Guillemot and Le Meur,
2013]. This problem can be applied for various purposes, such as the restoration of old photographs, the
removal of unwanted objects or text, and the recovery of lost information due to compression or transmission
errors [Bertalmio et al., 2000; Chan and Shen, 2001]. To obtain high-quality results, specialized algorithms
are designed to estimate the values of the damaged regions based on information from their adjacent pix-
els. These algorithms often rely on strong mathematical models and optimization techniques, but they can
be computationally demanding. In general, faster inpainting methods tend to yield less accurate reconstruc-
tions, whereas more sophisticated models achieve higher fidelity at the expense of increased computational
complexity [Elharrouss et al., 2020; Guillemot and Le Meur, 2013; Dahl et al., 2010].

Among the various techniques explored in the literature, methods based on Total Variation (TV)
regularization have demonstrated strong performance in image restoration tasks [Chambolle et al., 2010].
Initially introduced by Rudin et al. [1992] for image denoising, the TV framework exploits the assumption
that natural images exhibit smoothness between adjacent pixels and estimates missing values by minimizing
local intensity differences. Subsequently, TV-based models were successfully adapted to the image inpainting
problem [Chan and Shen, 2001; Afonso et al., 2010], and further improvements were proposed by incorpo-
rating low-rank approximations and other regularization strategies [Han et al., 2014; Dong et al., 2012a].

In traditional TV-based inpainting formulations, the objective is to minimize the sum of finite dif-
ferences between adjacent pixels, typically considering only one horizontal and vertical directions. Although
effective, this model may have limited capacity to capture the full spatial structure of complex image re-
gions. To address this limitation, in this paper we introduce a novel inpainting formulation that combines
TV terms computed over distinct pixel directions. While the classical TV formulation computes finite dif-
ferences using (below, right) adjacent pixels, we extend this approach by introducing three additional ones:
(right, above), (above, left), and (left, below). This broader neighborhood structure allows the model to better
exploit directional features and textures that are often present in natural images.

Our mathematical formulation leads to a differentiable unconstrained nonlinear optimization prob-
lem, which we solve using the limited-memory Broyden-Fletcher-Goldfarb-Shanno (L-BFGS) quasi-Newton
algorithm [Bonnans et al., 2006]. This algorithm is particularly effective for large-scale problems in which
the number of variables is high, as is typically the case in image processing tasks. We applied the (L-BFGS)
algorithm to solve the inpainting problem using the different functions presented in this work, considering
various types of noise and sets of images, and evaluated the results using standard image quality metrics.

The paper is organized as follows. Section 2 introduces the mathematical formulation, including
the definition of the optimization problem. Section 3 details the algorithm used to solve the problem. In
Section 4, we present and analyze the numerical results obtained from several experiments. Finally, Section 5
presents the conclusion of the paper.
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2. Mathematical Formulation

A digital image can be represented as a grid of n; X ng pixels, where n, and ny denote the number
of rows and columns, respectively, and each pixel is denoted by x; ;. Let R C X be a region (continuous or
not) of the image to be restored. As stated in the introduction (Section 1), the goal of the image inpainting
problem is to estimate the values of the pixels in R in such a way that the resulting image retains acceptable
quality and visual consistency. To guide this reconstruction, one commonly used regularization approach
is based on Total Variation (TV), which quantifies local intensity variations by measuring the differences
between adjacent pixels. Formally, the total variation of an image X over aregion R is defined as [Rodriguez,
2013]:

TV(X,R) = ) \/||$i+1,j—$i,j||§+||ﬂ?z‘,j+1—l‘z',j|§’ (1)

(i,J)EAR

which calculates the differences between each pixel x; ; and its below and right adjacent pixels, for all pixels
in the region R. The set A contains the indices (4, j) of the pixels inside the region R.

The TV function in equation (1) is nonlinear, convex, and non-differentiable at the origin [Cham-
bolle et al., 2010]. Non-differentiability generally makes it difficult to apply fast algorithms to the optimiza-
tion process, i.e., to find its minimum. To address this, we adopt a smoothed version of the TV function that
not only approximates (1) but also enables the use of derivative-based optimization methods. This smoothing
procedure is known as the Linear Total Variation Approximation (LTVA) [Han et al., 2014]:

LTVA(X,R) = > lwsrrg—zigl5 + |zige1—zill5 - 2
(i,j)EAR

Pixels inside a given image structure tend to be similar [Gonzalez, 1984], resulting in minimal dif-
ferences between adjacent pixels. Since the total variation (TV) is computed as the sum of these differences,
its value is expected to be small. This assumption underlies the use of TV for image inpainting, in which
pixels in region R are iteratively restored by solving the following optimization problem:

y I]élin f(X,R), f(X,R):= avariation measure of X in R . 3)
e R™1%Xn2

In the inpainting problem described in (3), the TV and LTVA functions can be used, as defined in
(1) and (2), respectively, as variation measures in the image X over region R. In both functions, differences
are computed between each pixel and its immediately adjacent pixels to the right and below. In contrast, this
work generalizes the notion of pixel differences by considering additional neighboring relationships, referred
to here as directional differences or simply directions. Based on this, we define the function

LTVA/(X,R) = > [|[Vizi,ll3, (4)
(i,7)EAR

where V;z; ; is the two-dimensional vector with the finite difference approximations of the first-order hori-
zontal and vertical partial derivatives for the pixel of coordinates (4, j) at direction I.
For V;z; ;, we set four directions (I = 1,2, 3,4) as

Tinli—Ti Tl =T
Vi, = i+1,j b Vox; j = 4,J+ b
, ,
Li,j+1—Li,j Li—1,j = Li,j

Ty 1 —Tii Ti i1 — T
\V4 T = =5 2y , \V4 Tii = Y 2Y) , 5

i [ Tij—1—Ti } T { Tig1,j—Ti ] ©)
in which V;z; ; computes the difference between adjacent pixels (below, right); Vax; ; (right, above);
V3x; ; (above, left); and Vyx; ; (left, below). We can also interpret (5) as the same directional operation
applied to the image X after rotating it by 90 degrees. In practice, in (4) we incorporate each TV direction
from (5) separately into function (2).
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We also choose to simultaneously consider the different TV directions defined in (5) within the
problem in (3). Thus, we combine them into a single function, called the Sum of Linear Total Variation
Approximation (SLTVA), which is defined and simplified as follows:

4
1
SLTVA(X, R) =7 > LTVA(X, R)
=1

1
=3 > Mwirr—migl3 4w —2il13 + iy =i |13 + i jo1—2i4113. (©6)
(4,5)€AR

If function (6) outperforms function (4) in terms of image quality for some image processing
problem, the likely rationale is that it leverages a greater amount of information from the image compared
to (4). Therefore, we also examine a function that extends the pixel neighborhood to include all eight adjacent
pixels, herein referred to as the Alternative Linear Total Variation Approximation (ALTVA), defined as:

1
ALTVA(X, R) := 5 D7 Mwirr—misl5 4 lwi g —2il13 + ey =i |15 + [l j 1 —i 5113

(i,5)EAR
5. (D

2 2 2
Tzt —ziglla +llzicr g —iglls + llwio 1 —zills + [l 1 -2
An important observation is that the image X can be composed of three planes corresponding to
the RGB color channels. In this case, each coordinate x;; is a three-dimensional vector. In practice, all
computations are carried out simultaneously across the three color planes, but each plane computes only

within itself.

3. L-BFGS Algorithm
A solution to problem (3) can be obtained using an unconstrained optimization algorithm based
on an iterative scheme in the form

gD = 20 4 () g®)  with ®)
A — —Q(k)Vf($(k))7 ©))

where o(®) > 0 is a step size, V f (x(k)) is the gradient vector of function f and d*) is the descent direction.

In the scheme described in (8)—(9), when Q¥) corresponds to the inverse of the Hessian matrix,
the method is known as Newton’s method [Polyak, 2007]. However, computing the exact inverse of the
Hessian is often computationally expensive. To address this, Quasi-Newton methods have been developed,
which iteratively build approximations of the inverse of the Hessian matrix. Two of the most well-known
approaches in this class are Davidon—Fletcher—Powell (DFP) [Davidon, 1959; Fletcher and Powell, 1963] and
Broyden-Fletcher—Goldfarb—Shanno (BFGS) [Shanno, 1970; Goldfarb, 1970; Fletcher, 1970; BROYDEN,
1970].

Even for small-sized images, problem (3) may involve millions of variables, and although an
approximate inverse of the Hessian matrix can be computed, its storage becomes impractical in large-scale
settings due to memory limitations. Therefore, we adopt the Limited-Memory Quasi-Newton method (L-
BFGS) [Liu and Nocedal, 1989] to solve (3), which provides an efficient trade-off between accuracy and
memory usage.

The L-BFGS is an optimization algorithm commonly used to minimize smooth nonlinear func-
tions, particularly in large-scale problems. It is a limited-memory variant of the quasi-Newton BFGS method,
designed to reduce memory usage by storing only a few vectors from previous iterations. L-BFGS belongs
to the class of iterative optimization methods. It attempts to find the minimum point of a function f(z) us-
ing only evaluations of the function and its gradient V f(x), without requiring the full Hessian matrix. This
makes it especially efficient for problems involving a large number of variables.
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The scheme defined by equations (8) and (9), applied to the inpainting problem, leads to Algo-
rithm 1. This algorithm calls Algorithm 2 to determine the descent direction d*) [Bonnans et al., 2006; Liu
and Nocedal, 1989] and Algorithm 3 to compute the step size (¥ calculated through the Wolfe rule [Wolfe,
1969, 1971].

Algorithm 1 Image inpainting using L-BFGS.

Input: z(© (corrupted image), integer m > 0 and A (mask for the corrupted region)
1: k<0
2: repeat
3:  Call Algorithm 2 to compute d*)

4: Call Algorithm 3 to compute a(*)

3. 2(F+1) (k) 1 (k) q(k)

6: if £ > m then

7: Discard the vector pair {5~ (=)} from storage
8: end if

9:  Compute and save s*) «— p(F+1) g (F) 4 (k) ¢ 7 f(2(k+D) ¥ f(2(0)
10: kk+1

11: until ||V f(z0)|] < e
Output: X = z(k+D) (the restored image)

Algorithm 2 Computation of the descent direction.

Input: Positive definite symmetric matrix Q(?), k (iterations executed in Algorithm 1), gradient vector
Vf(x®),and sO, y@, i =1,....m
r(m) =V f ()
fori =m,...,1do
() <7n(i)7 s(i)> / <y(i)7 s(i)>
P10 () () (0)
end for
RO = Q0)(0)
for:=1,...,mdo
B <y(1) hli— 1)>/<y(1) 5(1)>
R =D 4 (5 — )50
end for
Output: d*+1) = —p(™) (descent direction)

S0 XD AR

—_

Algorithm 3 Computation of the step size via Wolfe Rules.
Input: o > 0, parameters 0 < 01 < g < 1
I: a<0anda<+0
2: while f(zW+ad®) > [f(@®)+o1a(Vf(@®),d®)] and (Vf(@® +ad®),d*)) <
02 <Vf(x(k)), d(k)> do

3 i f@W +ad®) > [f(a®)+o1a (VF(a®),d™)] then
4: @ < a and go to 12

si elseif (Vf(2® +ad®),d®) < oy (Vf(2*),d*)) then
6: a+—a

7: end if

8: if @ = O then

9: a<—any value > o and go to 3
10: end if
11: a<—any value € (a, @) and go to 3

12: end while
Output: o¥) = « (the step size)
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The use of the L-BFGS method to compute the descent direction d*) (as described in Algorithm 2)
avoids the need to store the Hessian matrix, whether in its exact or approximated form, consequently saving
memory. Given a symmetric positive definite matrix Q(*), the descent direction d*) = —Q®)V f(2(*)) can
be calculated using the last pair of vectors m, where m is a predefined parameter. These pair of vectors are
given by s(*) = 2(F) — 2(k=1) and y(®) = V f(2(F)) — V f(2x(*k~1),

It should be noted that the approximation matrix Q*) in L-BFGS requires storing only 2mn
elements, instead of the n(n + 1)/2 needed by quasi-Newton methods such as DFP or BFGS, where n is
the number of variables in the problem. However, as the number of iterations k increases, additional storage
would be required to keep all s*) and y(*) vectors. To address this, L-BFGS retains only the most recent 1m
vector pairs in a last-in-first-out (LIFO) structure, ensuring that memory usage remains within fixed bounds
while maintaining computational efficiency throughout the optimization process.

In optimization algorithms based on quasi-Newton methods, the choice of the step size «y along
the descent direction dj, is crucial to ensure both the efficiency and stability of the method. Although classical
conditions such as those proposed by Armijo [Armijo, 1966] or Goldstein [Goldstein, 1965] can be employed
in line search strategies, in practice, the Wolfe conditions [Wolfe, 1969, 1971] are preferred in these methods.

The motivation for adopting the Wolfe conditions is that quasi-Newton methods construct an
approximation of the Hessian matrix (or its inverse) so that it remains positive definite, which requires
S;—yk > (. This condition is not always guaranteed when using the Armijo rule alone, since it focuses ex-
clusively on sufficient decrease in the objective function. As a result, the Armijo rule may accept excessively
small values of «y, which reduces the magnitude of the vector s, making it nearly zero and consequently
compromising the Hessian update. Other alternatives, such as the Goldstein conditions, in addition to the
Armijo rule, prevent the acceptance of very small step lengths, but still do not guarantee that s;ka > 0.

On the other hand, as seen in Algorithm 3, the Wolfe conditions include, in addition to the Armijo
condition in line 3, that ensures sufficient decrease in the objective function, a curvature condition that con-
trols the directional derivative (see line 5). This second condition prevents the step size from being excessively
small and also guarantees that sZyk > 0, thereby validating the quasi-Newton update. In general, Wolfe con-
ditions represent an effective compromise between progress along the descent direction and stability of the
Hessian approximation, and are therefore the standard choice in quasi-Newton algorithms.

4. Numerical Experiments

We present numerical experiments that involve images with various types of content, as shown in
column (a) of Figure 1, specifically bike (first line), butterfly (second line), flower (third line), girl (fourth
line), hat (fifth line), leaves (sixth line), parrot (seventh line), and plants (eighth line). These images are
256x256 pixels in size and are represented in the RGB color space [Dong et al., 2012b].

To test our approach, we introduce various types of noise to the images. More precisely, the images
in column (b) of Figure 1 are corrupted as follows: different missing ratios of 20% (first line), 40% (second
line), 60% (third line), and 80% (fourth line), representing the fraction of pixels that are erased and need to be
restored; image blocks are erased, with 100 blocks of 5x5 pixels (fifth line) and 50 blocks of 10x 10 pixels
(sixth line); and, finally, to simulate more structured noises often found in real-world scenarios, we introduce
text (seventh line) and scratch (eighth line) noise, which are common in digitized images.

The quality of the restored images is compared by applying Algorithm 1 to solve the optimization
problem presented in (3), using all the functions described in this work as variation measures. Columns (c)—
(f) of Figure 1 show the restored images generated with the four TV variants (LTVA,, forl = 1,2, 3, 4) based
on the directions outlined in (5), while columns (g) and (h) display the results obtained with SLTVA (6) and
ALTVA (7), respectively.

To assess the quality of the restored images, we used two well-known evaluation metrics: the
global Peak Signal-to-Noise Ratio (PSNR) [Chanda and Majumder, 2011] and the Structural Similarity Index
Metric (SSIM) [Wang et al., 2004]. Both metrics are monotonic, increasing as the restored image becomes
more similar to the original. All algorithms were implemented in Matlab, and the experiments were con-
ducted on a PC equipped with an Intel Core i7 CPU running at 2.79 GHz, 16 GB of RAM, and running the
Windows 10 operating system. The stopping tolerance criterion for Algorithm 1 was set to e = 1073,

DOI: 10.59254/sbpo-2025-212564
http://live-proceedings.pantheonsite.io/p/212564


http://live-proceedings.pantheonsite.io/p/212564
http://dx.doi.org/10.59254/sbpo-2025-212564

5/°SBPO

SIMPOSIO BRASILEIRO DE
PESQUISA OPERACIONAL

7 *RS

DE 5 A 9 DE OUTUBRO DE 2025

(h) ALTVA

Figure 1: Performance of different TV-based image inpainting functions. Column (a) shows the original
images; (b) presents the corrupted versions; (c)—(f) display the inpainted images obtained using the four TV
variants (LTVA, for [ = 1,2, 3, 4); (g) presents the restored images produced by SLTVA, and (h) those
from ALTVA. From top to bottom, the second column brings examples of the corruption obtained by the
missing ratios of 20%, 40%, 60% and 80%, by erasing 100 blocks of 5x5 and 50 blocks of 10x 10 pixels,
as well as corruption by text and scratch
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Table 1 presents the PSNR, SSIM, and execution time (these values are averages for the 8 test
images) using the TV variants (LTVA1, LTVAq, LTVA3 and LTVA,), the SLTVA and ALTVA, for different
types of pixel corruption. The first important observation is that the optimum solution obtained through
SLTVA provides better-quality inpainted images, w.r.t. the PSNR and SSIM, than any TV direction variant
alone and also the ALTVA, irrespective of the corruption type.

In terms of execution time, the superior image quality achieved by SLTVA does not come at
the cost of increased computational effort. Although higher reconstruction quality is expected to come at
the cost of increased computational complexity, SLTVA not only achieved the best visual outcomes among
all evaluated functions but also converged significantly faster than the classical TV-based variants. This
combination of efficiency and accuracy highlights the effectiveness of the proposed approach, especially in
scenarios where both image fidelity and low runtime are crucial.

Given that the proposed SLTVA function, which considers four adjacent pixels, outperformed
all the LTVA functions (which uses only two), the natural next step was to explore function ALTVA that
extends the pixel neighborhood to incorporate all eight adjacent pixels. The idea was to examine whether
further expanding the local context would enhance image restoration quality. As expected, ALTVA also
outperformed all the LT VA functions, both in terms of PSNR and SSIM, although in some cases (20% missing
and block5) it required longer convergence times. To our surprise, when comparing ALTVA with SLTVA,
however, SLTVA always achieved better image quality, as measured by both PSNR and SSIM. This suggests
that simply increasing the number of neighboring pixels does not necessarily result in better restoration — at
least for the functions explored in this study. Regarding computational time, ALTVA was faster than SLTVA
in the 80% missing, text, and scratch cases, but slower for all other noise types.

Table 1: Quality assessment and execution time for the four TV variants (LTVAy, forl = 1,2, 3, 4), the
proposed SLTVA and also ALTVA.

Noise type LTVA; LTVA, LTVA; LTVA; SLTVA ALTVA
20% PSNR(@B) | 32.14 31.73 32.08 31.72  34.66 33.53
missing SSIM 09815 0.9803 0.9814 0.9803 0.9889 0.9860
ratio Time(s) 4.72 5.35 5.31 4.89 4.08 7.30
40% PSNR(dB) | 28.41 28.08 2837 28.14  30.42 29.56
missing SSIM 0.9566 0.9544 0.9567 0.9546 0.9708 0.9645
ratio Time(s) 9.33 9.24 9.33 9.35 7.44 8.26
60% PSNR(dB) | 2590 25770 25091 25.72  27.36 26.66
missing SSIM 0.9206 09191 09213 09184 0.9393 0.9288
ratio Time(s) 14.79 14.22 13.32 12.83 10.04 10.57
80% PSNR(dB) | 23.33 2326  23.31 2326  24.08 23.59
missing SSIM 0.8567 0.8564 0.8568 0.8551 0.8742 0.8597

ratio Time(s) 33.80 31.65 3545 35.06 2642 24.39
PSNR(dB) | 3491 34.68 35.08  34.81 37.12 37.02
block 5 SSIM 0.9911 0.9909 0.9910 0.9907 0.9940 0.9939

Time(s) 3.87 3.51 3.11 3.63 2.94 4.83
PSNR(@B) | 2991 2945 29.65 29.57 31.90 31.88
block 10 SSIM 09762 09754 09759 0.9755 0.9829 0.9827

Time(s) 4.34 4.44 4.14 4.36 3.95 4.13
PSNR(@B) | 27.25 27.02 2722 2728  28.71 28.49
text SSIM 0.9472 09462 0.9479 0.9478 0.9598 0.9577

Time(s) 14.02 15.79 15.64 14.60 9.28 8.79
PSNR(@B) | 30.69  30.18 30.68 30.17  32.02 31.77
scratch SSIM 09767 09753 09766 0.9747 0.9816 0.9805
Time(s) 5.50 6.68 7.11 6.32 3.77 2.95
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Employing the SLTVA function and solving problem (3) through the iterative procedure described
in Algorithm 1 yields, at each iteration, a progressively updated version of the image being restored. In
general, such iterative schemes are designed to gradually improve the visual quality of the image as the
optimization advances. Ideally, one expects a monotonic improvement in the image quality, meaning that
both metrics and perceptual quality should increase with each iteration.

Figure 2 illustrates this behavior by displaying the evolution of the PSNR (Figure 2(a)) and SSIM
(Figure 2(b)), along with the functional value f (J:(k)) during the optimization process. These plots corre-
spond to the “girl” image with 80% missing data — specifically, the fourth image in column (b) of Figure 1.
It can be seen from the figure that as the value of the functional f(x(*)) decreases, both PSNR and SSIM ex-
hibit a corresponding increase, which indicates an improvement in image quality. This behavior confirms that
the algorithm effectively directs the solution toward higher-quality image restorations. Finally, the best re-
stored image is achieved when the algorithm converges to the minimum (the optimal value) of the functional,
demonstrating the effectiveness of the proposed approach.

1le9 1le9
—e— SLTVA —e— SLTVA

2.0 2.0

1.51 1.51
2 2
T 10 T 10

0.5 0.5

0.0 1 0.0 -

5 8 11 14 17 20 23 26 29 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
PSNR (dB) SSIM
(@) (b)

Figure 2: The functional value with respect to PSNR (a) and SSIM (b) obtained using SLTVA function

along the iterations of the optimization process.

5. Conclusion

The image inpainting problem involves the process of reconstructing missing, corrupted, or de-
graded regions in digital images, aiming to generate visually consistent content that maintains structural co-
herence with the surrounding areas. In this work, we propose a new mathematical formulation that combines
four total variation (TV) directions into a single objective function, enabling a more expressive representa-
tion of local structures to improve the quality of restored images. The resulting unconstrained differentiable
nonlinear optimization problem is solved using the limited-memory quasi-Newton (L-BFGS) algorithm.

We compared our combined TV directions mathematical optimization function (SLTVA) against
the four variants of the smoothed TV function (LTVA) and a function that extends the pixel neighborhood to
include all eight adjacent pixels (ALTVA), using the well-known image quality metrics Peak Signal-to-Noise
Ratio (PSNR) and Structural Similarity Index Metric (SSIM). Numerical experiments on diverse image sets
and noise types show that our approach SLTVA outperforms not only the four variants of the classical TV
functions LTVA but also the extended functiona ALTVA, both in terms of standard image quality metrics
PSNR and SSIM, without increasing computational cost. Future research may explore incorporating our
proposed function into existing image processing methods by replacing the classical TV term originally used
in their formulations.
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