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RESUMO
Um grafo colorido em arestas (GCA) é um grafo tal que cada aresta tem uma cor as-

sociada. Dado um GCA G, o problema da k-floresta geradora minimamente rotulada se consiste
em encontrar uma floresta geradora F de G com número mı́nimo de cores e número de compo-
nentes limitado por k. Neste trabalho, um estudo de complexidade é realizado e um algoritmo
aproximativo para o problema é proposto. Continuando em um estudo anterior sobre um modelo
de programação matemática, propomos duas desigualdades válidas para reforçá-lo e analisamos
experimentos computacionais.

PALAVRAS CHAVE. Florestas Geradoras, Algoritmo Aproximativo, Grafos Coloridos em
Arestas.

Tópicos (Otimização Discreta, Teoria dos Grafos e Algoritmos Relacionados)

ABSTRACT
An edge-labeled graph (ELG) is a graph such that each edge has a label associated. Given

an ELG G, the minimum labeling spanning k-forest problem consists in finding a spanning forest
F of G with minimum number of labels and number of components bounded by k. In this work, a
complexity study is realized and an approximation algorithm for the problem is proposed. Contin-
uing on a previous study of a mathematical programming model, we propose two valid inequalities
to reinforce it and analyze computational experiments.
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1. Introduction
An edge-labeled graph (ELG) G consists of a tuple (V,E, L, ℓ) where V is the set of

vertices, E is the set of edges, L is a set of labels/colors and ℓ : E → L is a function that label each
edge. Given an ELG G with number of components c(G) ≤ k, the minimum spanning labeling
k−forest problem (MSLkFP) consists in finding a spanning forest of G with at most k components
and minimum number of labels. An example is depicted in Figure 1. It is also useful to represent G
as (VG, EG, LG, ℓG)

k = 1 k = 2

Figure 1: An edge-labeled graph with solutions of the MSLkFP for
k = 1 and k = 2.

This problem was introduced in [Corrêa e Campêlo, 2024] where a flow-based mixed
integer linear programming (MILP) formulation was proposed and the authors conducted computa-
tional experiments to evaluate the formulation.

2. Related Work
When k = 1, the MSLkFP is known as minimum spanning labeling tree problem (MSLTP),

being first introduced in [Chang e Leu, 1997], where it was proved that the MLSTP is NP-Complete
for complete graphs and it was proposed the first version of the Maximum Vertex Covering Algo-
rithm (MVCA), a heuristic for solving the problem. In [Krumke e Wirth, 1998] it was proved that
there is no α-approximation algorithm for the MSLTP for any constant α, unless P = NP. The au-
thors also proposed a revision of the MVCA heuristic and proved that it possesses an approximation
factor of 1 + 2ln(|V |).

The approximation factor of the MVCA was further proven to be smaller in [Wan et al.,
2002], where it decreased to 1 + ln(|V |). Finally, in [Xiong et al., 2005], the approximation al-
gorithm decreased to Hb =

∑b
i=1

1
i , where b = maxl∈L |{e ∈ E : ℓ(e) = l}|, the maximum

frequency of a label. The following result was also proven.

Theorem 2.1 (Xiong et al. [2005]). Hb is a tight approximation factor for the MVCA algorithm,
that is, there exists an ELG G such that the value of the solution obtained by the algorithm on G is
Hb times the value of the optimal solution.

Spanning trees have been one of the fundamental topics in graph theory, the MSLTP has
found applications in telecommunications [Chwatal et al., 2007] and has been extended to other
important problems such as the minimum spanning labeling Steiner tree [Cerulli et al., 2006] or the
budgeted labeled minimum spanning tree problem [Cerulli et al., 2024].

3. Computational Complexity
As already mentioned, the MSLkFP is NP-Complete for k = 1. It remains to answer if

this result follows for every positive integer k
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A certifier for MSLkFP is obtained by (i) counting the number of labels of the edges, (ii)
checking for the existence of cycles, and (iii) verifying that the number of components is at most k.
Since all of the these steps can be done in polynomial time, the problem is NP.

NP-hardness can be proven by reducing the MSLTP to the general MSLkFP by adjoining
k− 1 artificial vertices in a complete graph G such that each artificial vertex is adjacent to only one
vertex of G.

Theorem 3.1. For any positive integer k, the MSLkFP is NP-Complete in split graphs.

The NP-completeness of the problem reveals the unlikeliness of the existence of a polynomial-
time algorithm for solving the MSLkFP, hence, approaches of approximation algorithms and math-
ematical programming are useful.
4. Approximation Algorithm

In this section, a modification of the MVCA heuristic is proposed with the same approx-
imation factor. The algorithm here called generalized MVCA is described in Algorithm 1. When
k = 1, this algorithm is the same as the MVCA as written in [Xiong et al., 2005].

Algorithm 1: Generalized MVCA
input: A ELG G with vertices V , edges E and labels L and a positive integer k.

Let C ← ∅ the set of used labels;
Let H = G[C] be the subgraph of G restricted with labels from C;
while H has more then k components do

for all i ∈ L− C do
Determine the number of connected components when inserting all edges of
label i in H;

end
Choose label i with the smallest number of components;
C ← C ∪ {i};
H ← G[C];

end

Theorem 4.1. The algorithm 1 has an approximation factor of Hb for the MSLkFP, where b =
maxl∈L |{e ∈ E : ℓ(e) = l}| and Hb =

∑b
i=1

1
i .

The proof of this theorem is very similar to the proof of approximation factor for the
MVCA given in [Xiong et al., 2005]. It consists of finding upper bounds for a number of successive
linear programming models that describe the steps of the algorithm. The main difference is that the
number of edges in the ongoing problem is |V |−k as opposed of only |V |−1 in the original paper.

Another important result is the fact that the approximation factor is tight for every positive
integer k. For this, the concept of isomorphism is useful.

Definition 4.1. The ELGs G = (V,E,L, ℓ) and G′ = (V ′, E′, L′, ℓ′) are isomorphic if there exist
bijective functions f : V → V ′ and g : L → L′ such that uv ∈ E ⇐⇒ f(u)f(v) ∈ E′ and
ℓ′(f(u)f(v)) = g(ℓ(uv)). When then say that G and G′ are isomorphic.

Given an ELG G and a positive integer k, then define the ELG G∗ as the union of k ELGs
isomorphic to G such that, for each pair of ELGs their vertices are disjoint as well as their labels
(Figure 2). Lemma 4.2 is a intuitive result that tells the form of the solution on G∗.
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G G∗

Figure 2: Extension of an ELG G to G∗ for k = 3.

Lemma 4.2. Suppose that the MSLTP in the ELG G has optimal solution A with value υ. then an
optimal solution for the MSLkFP in G∗ is obtained by choosing a forest F such that each component
of F is isomorphic to the tree A. The number of labels in such solution is kυ.

Lemma 4.2 allows the study of Algorithm 1 in the ELG G∗ induced by the ELG G such
that G is the graph of Theorem 2.1 because it must construct a spanning tree in each of its com-
ponents in a way that the number of labels in each component is Hb, hence, Algorithm 1 returns a
solution with value kHb.

Theorem 4.3. For any positive integer k, the approximation factor for algorithm 1 in solving the
MSLkFP is tight, that is, exists a graph whose solution given by the algorithm has number of labels
given by Hb times the number of labels of an optimal solution.

5. Mathematical Programming Model
In [Corrêa e Campêlo, 2024], a mixed linear integer programming model for the MSLkFP

is created by the use of the extended ELG (Figure 3). Such extension is used in [Figueredo, 2020] to
solve the k-labeled spanning forest problem that consists in, given an ELG, minimizing the number
of components while maintaining the number of labels bounded by k.

Definition 5.1. Given an ELG G = (V,E,L, ℓ), The extended ELG G′ = (V ′, E′, L′, ℓ′) is defined
such that V ′ = V ∪ {s}, s /∈ V , E′ = E ∪ {(s, v) : v ∈ V }, L′ = L ∪ C, C = {cv : v ∈ V } is a
set of new distinct labels C ∩ L = ∅, and ℓ′ such that

ℓ′(e) =

{
ℓ(e), e ∈ E,

cv, e = (s, v), v ∈ V.

s

Figure 3: Extended ELG G′ of the graph given in figure 1.

The main idea is that solving the MSLkFP in G is equivalent to finding a spanning tree A
of G′ such that LA = L∗ ∪ C∗, where L∗ ⊆ LG, C

∗ ⊆ C, |C∗| ≤ k and |LA| is minimal (Figure
4).

The MILP is then based on sending a flow from the artificial vertex s to ensure connectiv-
ity. The model variables are zl ∈ {0, 1} is 1 if and only if the label l ∈ L∪C is used in the solution,
fij ≥ 0 is the amount of flow from the vertex i to the vertex j and M is a big-M factor.
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k = 1
s

k = 2
s

Figure 4: Equivalent solutions to the solutions in Figure 1 generated on the
extended ELG.

(flow) min
∑
l∈L

zl (1a)

s.t. fsj +
∑

i:(i,j)∈E(G)

fij −
∑

i:(i,j)∈E(G)

fji = 1 ∀j ∈ VG, (1b)

0 ≤ fij , fji ≤Mzℓ(ij) ∀ (i, j) ∈ EG, (1c)

0 ≤ fsj ≤Mzℓ(sj) ∀ j ∈ VG, (1d)∑
l∈C

zl ≤ k, (1e)

zl ∈ {0, 1} ∀ l ∈ L ∪ C (1f)

5.1. Valid Inequalities
Two valid inequalities can be used to strengthen the model 1a-1f, these are Inequalities 2

and 3, both proposed in [da Silva, 2018] for solving the MSLTP.
The first inequality follows because, for each vertex v ∈ V , the neighborhood of v in G′

must not be empty. Hence, there must be at least one label in the edges of the neighborhood.∑
l∈K({v})

zl ≥ 1, ∀v ∈ V, (2)

where K({v}) is the set of labels of edges in the neighborhood of v.
For inequality 3, every spanning tree of G′ must have at least |V ′| − 1 = |V | edges and

each label chosen in a solution contributes with |E′(l)| edges, where E′(l) is the set of edges in G′

with label l. ∑
l∈L∪C

|E′(l)|zl ≥ |V |. (3)

6. Computational Experiments
In this section it is discussed computational experiments for solving the MLSkFP with the

methods described throughout Sections 4 and 5.
The experiments were executed in a computer with processor intel i3 - 12100, with 16 GB

of RAM and operational system Ubuntu 22.04. The implementations were done in Python 3.10.12
with the CPLEX solver in version 22.1.1.0. The instances were pseudo-randomly generated using
the package NetworkX in a manner to guarantee that each label required was in the ELGs and the
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distribution of labels on edges became uniform. The parameters for generating the instances were
|V | = n ∈ {50, 100, 250, 500}, the density d = |E|

(n2)
∈ {0.2, 0.5, 0.8}, |L| ∈ {⌊n4 ⌋,

n
2 , n, ⌊1.25n⌋},

k ∈ {1, n
25 ,

n
10}. For each parameter combination, 5 instances were created what resulted in a total

of 720 instances.
About the MILP model, four methods were used for solving it: The standard CPLEX

branch-and-cut applied to the the model (1a)-(1f) here refereed to as ”Flow”; ”Flow + Inequalities”
being the same as ”Flow”, but reinforced with the inequalities (2) and (3); ”Flow + Benders” is
the same as ”Flow”, but it is used the CPLEX standard Benders decomposition; Finally, ”Flow +
Benders + Inequality” method is a combination of both ”Flow + Benders” and ”Flow + Inequalities”.

A time limit of 1 hour and a memory limit of 10 GB were also established, since pre-
liminary tests revealed that the methods based on Benders decomposition actually surpassed the
computer RAM.

Of the four methods discussed in the last subsection, the ”Flow + Benders + Inequality”
has proven to be the most efficient. In Figure 5 is seen that ”Flow + Benders + Inequality” solved
the most amount of instances while has fewer cases of instances that exceeded time limit. The
mean time taken in processing each instance is displayed in Figure 6 and the ”Flow + Benders +
Inequality” was faster than the other methods even on small time scales.

Figure 5: Frequency of statuses returned for every each method used.

Experiments were also made with the approximation algorithm, as seen in Figure 7, that
gives the ratios between the number of labels given by the generalized MVCA and the number of
labels in the optimal solution that were possible to obtain by the exact methods. It’s perceptible that
no instance solved returned a ratio than 1.5 = H2, in fact, for some combinations of parameters the
worst obtained ration was the optimal solution itself, what suggests that the algorithm works well
in practice.
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Figure 6: Mean processing time of instances in logarithmic scale categorized
by vertex number and label number.

Figure 7: Ratios between the number of labels obtained by the algorithm 1
and optimal solutions categorized by number of vertices and number of labels.

7. Conclusion

The concept of finding a spanning forest with at most k components and a minimum num-
ber of labels is a natural extension of the MSLTP. It was shown that the MSLkFP is NP-complete for
every k and an Hb-approximation factor algorithm is proposed, together with the fact that such fac-
tor is tight. At last, improvements were made for the MILP model proposed in [Corrêa e Campêlo,
2024] and the computational experiments were incremented with an extended database. Possible
future research topics include the studies of heuristics and the behavior of solutions in specific
graph structures, new mathematical programming models and analyses involving the parametrized
complexity of the problem.
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