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ABSTRACT

Solving systems of linear equations is one of the main problems in sciences, even being
already efficient classically, processing a great amount of data, as is required nowadays, can be
troublesome. Quantum solutions are also being considered with this purpose. The HHL quantum
algorithm aims to solve such problems with exponential speedup on the number of variables. In
recent years, this algorithm has been established as one of the main algorithms in the recent area of
Quantum Machine Learning (QML). However, with great enthusiasm regarding its practical usage
and the restrictions that the algorithm requires. One restriction imposed is the efficient preparation
of the coefficient matrix of the system, already assumed by the authors. In this work, we will
expose these problems and offer an implementation of one of the algorithms in the literature that
implements the coefficient matrix efficiently for, if it is sparse, and still gain efficiency.
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1. Introduction

In 2009, the HHL algorithm was presented, promising exponential time savings for solv-
ing systems of linear equations (Harrow et al. [2009]). Currently, the algorithm is considered an
important tool in the framework used to solve quantum linear systems problems (Quantum Linear
Systems Problems - QLSP).

Despite the rapid enthusiasm for the algorithm, it did not come without some skepticism.
The algorithm assumes certain properties that can lead to disbelief regarding its real efficiency.
Aaronson [2014] cites some difficulties in Quantum Machine Learning (OML) algorithms, espe-
cially HHL. Among the main difficulties, Aaronson points to the problem of efficiently preparing
the inputs of the algorithm the Hamiltonian H.

In the following sections, we will explore these problems in a little more depth. Section
2 introduces quantum computation and the key aspects that it differs from classical computation.
In Section 3, we present the HHL quantum circuit and the idea behind implementing a inverse
matrix. In Section 4, we will present the problem of efficiently simulating quantum systems, which
is apparently a necessary tool in HHL to encode the input matrix representing the coefficients of
the system of equations. In Section 5, we present an quantum algorithm used to simulate some
kind of matrices efficiently. Section 6 presents results of the execution of HHL using the quantum
algorithm compared to the classical preparation. Section 7, we conclude the work with a discussion
of the results and future research directions.

2. Quantum Computation

In quantum computation, information is represented using quantum bits, or qubits. Un-
like classical bits, which can only exist in a state of 0 or 1, qubits can exist in a superposition, a
combination of both states simultaneously. A qubit’s state is described as:

-l m-)

[} = al0) + 1) (1

where o and /3 are complex amplitudes such that ||> +|3]? = 1. These squared amplitudes
represent the probabilities of measuring the qubit as 0 or 1, respectively.

Multiple qubits can also be entangled, forming joint states that cannot be separated into
individual qubit states. This creates powerful correlations that are central to quantum advantage.

Quantum computation stands apart from classical computing due to several distinctive
features:

* Superposition: A qubit can encode multiple values at once, enabling parallelism.

* Entanglement: Allows qubits to be linked, enabling coordinated changes that can’t be repli-
cated classically.

* Measurement: The process of extracting classical information from qubits. Unlike classical
systems, where reading a bit has no side effect, quantum measurement fundamentally alters
the state of a system. When a qubit in superposition is measured, it collapses to one of
the basis states—|0) or |1)—with probabilities given by the squared amplitudes of the state
vector.

For example, measuring:
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will result in either 0 or 1 with equal 50% probability. After measurement, the system can no

longer be in a superposition, it adopts the measured state.

This probabilistic nature of measurement means quantum algorithms must be designed to
maximize the probability that a correct result appears upon measurement. In many cases,
algorithms are repeated multiple times to statistically confirm the correct output.

The power of quantum algorithms comes from their ability to manipulate probability
amplitudes across multiple paths at once. Rather than checking solutions one by one, quantum
algorithms explore many at once, using interference to cancel wrong answers and amplify right
ones.

By cleverly preparing quantum states and manipulating them through unitary operations
before measurement, quantum algorithms can achieve significant speedups for specific problem
classes.

3. The HHL Algorithm
The problem essentially consists of obtaining the solution of a system of linear equations
in the form:
a11r1 +a12x2 + -+ A1pTp = bl
a1%1 + A92T2 + - + A2 Ty = b
2121 + A2272 2nTn = 02 2)

Am1T1 + AmaX + - + GmnTn = bm

The same A system of equations can also be represented in matrix form. In this case, we
have, as input, a matrix, for example, A, and a vector b. Thus, we have the following representations:

air a2 v Glp b1
a1 @z -+ a2, by

A = M M .. . |b> = . (3)
Aml Am2 - Amn bn

The general idea of the algorithm is as follows:

Input: The input of the algorithm is a system of linear equations represented by a hermi-
tian operator A, that is, (A = AT) and a vector represented by the amplitudes of a quantum state |b).
Since it is not likely that systems of linear equations have such a configuration, a trick is presented
that relaxes this restriction. If A is not a Hermitian matrix, it is possible to transform it by expanding
the matrix and the input vectors with the following trick (Harrow et al. [2009]):

0 A
C-= ( ) O) @)
which C' would be a new Hermitian matrix that could be solved in the new form C'y = (8)

: 0 o . ..
to obtain y = =) Let us assume that A, in this work, is already Hermitian or transformed by the

method above. Thus, we want to solve the system of linear equations in the form:
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Alz) =[b) (5)

We always apply quantum operators until we reach the following configuration:

) = A7 |b) (6)

The reason why the matrix A is represented as a Hermitian matrix is because its spectral
power was represented as in 7.

2™ -1

Z(:) i [ug) (wil (7

where \; and |u;) are, respectively, the i-th eigenvalue and eigenvector of A. Thus, A is composed
of a diagonal matrix of the form:

N O - 0
0 A\ - 0 ®)
0 0 - Agnyt
multiplied by the eigenvectors.
To get A~!, we simply invert the eigenvalues:

1 2" -1 1
A7 = )0 ) (il ©)

i=0 i

Step 1: To find the inverse of A, we first use Quantum Phase Estimation (QPE), an algorithm with
which we can extract the eigenvalues of a matrix by encoding them in qubits.

Step 2: Then we apply the inversion rotations with the help of a ancilla qubit, this is the inversion
of the eigenvalue mentioned above.

Step 3: Finally, we apply the inverse computation of QPE. The solution is encoded by the ampli-
tudes of the quantum state and cannot be obtained through a measurement. However, as the authors
explain, they can be used as a subroutine for other problems.

3.1. Quantum Fourier Transform

The Quantum Fourier Transform, or QFT, is a useful tool in quantum computing, since
it can be performed exponentially faster quantumly. The QFT can be seen as a transformation of
the initial state, more specifically, as a change of basis. The basis obtained as output is called the
Fourier basis, as opposed to the computational basis, which we perform measurements on (Nielsen
and Chuang [2000]).

The QFT transforms the orthonormal basis |0)---|N — 1) into a basis resulting from the
linear transformation of the following operator Nielsen and Chuang [2000]:

N-
Z 2mijk|/N |N (10)

where the state |;) is the binary representation of the states of the computational basis and & are
multiples of 2 that represent the position of each qubit.

It is convenient, for this work, to present the QFT from the product of each qubit. This
representation is shown in the equationl11.
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. . 0)+€2710-3n[1})...(|0)+£270-41dn |1

|]17...7]n> — (0)+e | ))279/2) e 1)) (11)

From this representation it is easy to see that the QFT can be applied from a sequence of

rotations, where, for the first term, one rotation is applied, and for the last term, n rotations. Each
rotation can be applied from the unitary gate in 12.

1 0
By, = 0 627ri/22k (12)

3.2. Quantum Phase Estimation

It is known, by the Spectral Theorem, that Hermitian matrices can be diagonalizable, that
is, they can be decomposed into V. DV'. Thus, from the Hermitian matrix given as input to the
algorithm, we can construct a unitary U that has eigenvector |u) from V and eigenvalue > from
D (Aaronson [2016]; Nielsen and Chuang [2000]).

The construction of U and |u) is not handled by the procedure, therefore, the QPE is often
classified as a subroutine. Incidentally, the preparation of the coefficient matrix and the state |b) for
the QLSP itself is also delegated to an oracle assuming that there is an algorithm that constructs it
efficiently.

For QPE, two registers are used: the first register has ¢ qubits where ¢ is the number of
digits for the desired accuracy. An initial state |v) is prepared with as many qubits as necessary.
The algorithm is based on the application of Hadamard gates of the ¢ qubits of the first register and,
then, the controlled application of the controlled gates U to each qubit raised to the power of 2.
This produces |c), |v) = |c), U¢|v) (Nielsen and Chuang [2000]).

This construction, in fact, is analogous to the classical concept of eigenstate, in which,
when we multiply a matrix so many times by a vector, at a certain point, there is no more rotation
of the vector. In the quantum case, we apply U to each qubit raised to the power of two according
to the binary place of each digit.

The final state is given by the equation 13.

s ([0) + €227 2 [1))--(|0) + €272¢ (1)) [v) (13)

Note that each exponent 2 refers to the binary place (analogous to a base-2 decimal place)
of o and that the state |v) remained the same throughout the procedure.

The important thing to note, to complete the procedure, is that, by comparing 11 and 13,
we can extract |pop1---@¢) by applying QFT after QPE. In this way, we obtain the eigenvalues of U
encoded in the first register.

3.3. Controlled Rotations
At this point, we use the auxiliary gubit to apply the rotations needed to invert the eigen-

values (Harrow et al. [2009]). To rotate the eigenvalues, we apply multi-controlled RY (6) so that
the eigenvalues are encoded by the qubits. The RY () gate is shown in the equation 14.

i .y
cosg —sing
RY (0) = 2 14
) [sing cosg] (14)
What we aim for is the following transformation:
L €
0) = /1= 5z 100+ 57 1) (15)
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From this equation, we can see that if the auxiliary qubir is |1), we obtain an eigenvalue

inversion. To prepare this state, we define 6 = 2 arcsin %

After these steps, we apply the inverse computation (uncomputation). We use QPE~! to
obtain the result of the multiplication between A;! |u;) (u;] in the first register, and |b) encoded in
the second, resulting in |z) in the second register.

Phase estimation R(S\‘l) rotation Uncompute
Ancilla 7
register S 10) R < 11)
Clock
register C joyer ——gae" Frt FT HE" |0)®"
Input
regisI;er I I — 4 U |z)

Figure 1: HHL circuit.

4. Simulating Hamilton Dynamics

The goal of simulating dynamical systems is, given an initial state of the system, to dis-
cover the state at another time or position. The solution is obtained from the approximation of the
initial state and then the application of a procedure in an iterative manner to calculate the state at
another time or space. The evolution of quantum systems is also given from a differential equation,
the Schrodinger equation (Nielsen and Chuang [2000]):

d
ih- ) = H 1)

where £ is Planck’s constant. For convenience, f = 1.

The problem of simulating quantum systems is precisely the number of differential equa-
tions that need to be solved. For n qubits we have to solve 2™ differential equations which means
that the number of equations grows exponentially with the number of qubits. This becomes com-
plexly intractable since, to compute a system of only 50 qubits, we have to have the processing
power of a supercomputer.

Thus, in this Chapter we will explore some techniques for simulating physical systems. Of
course, we have to explore efficient ways of simulating since we are trying to verify the possibility
of exploring this simulation as part of the HHL which claims a complexity of O(logn). In Section
4.1, we will briefly explain the concept of what the Hamiltonian is and how it can be represented.
In Section 4.2, we will explain the problem of simulating physical systems.

4.1. The Hamiltonian

In quantum mechanics, we represent procedures using unitary matrices. Unitary matrices
are linear transformations of a discrete-time quantum state. The evolution of the system can be
represented as:

) = Uly)

In physics, however, time is treated as a continuous aspect, that is, instead of jumping
from a state [¢)) to a state U [¢)), this “jump” is treated as a continuous process performed in a time
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interval. Thus, we define the Hamiltonian as a generator of unitary operators from an instantaneous
time. Hamiltonians are always represented as Hermitian matrices, that is, given a Hamiltonian H,
we have that H = H'. The Hamiltonian is not necessarily a positive semi-definite matrix, that is, it
can have negative eigenvalues (Aaronson [2016]).

As already mentioned, the equation that describes the evolution of a quantum system is
the Schrodinger equation:

. d
i) = H )

where H is a Hamiltonian. Assuming that H is independent of time, we can derive from the
equation that the state of the system after time ¢ is:

[W(t)) = e (0))

In this way, we transform a differential equation which we would solve for each coordinate
of the vector |t} into an equation in which we exponentiate a matrix as if it were a scalar (Aaronson
[2016]).

Exponentiating a matrix may be an unusual concept, but we can verify that, for any diag-
onal matrix, the solution is the exponentiation of the diagonal terms. That is:

)\0 6/\0
exp =

>\n—1 6)\77,—1

So the problem becomes representing our Hamiltonian as a diagonal matrix. We know
that any Hermitian matrix can be decomposed into VDV by the Spectral Theorem. Thus we can
write e as UeP U+. So to exponentiate the matrix, it needs to be decomposed (Aaronson [2016]).

However, in the context of HHL, decomposing the matrix to encode the Hamiltonian
becomes infeasible since we aim for a complexity of O(logn). How can we improve this? Are
there methods to simulate this Hamiltonian efficiently?

4.2. The Simulation Problem

So, as seen in the previous Section, we represent the dynamics of a quantum system
from the Schrodinger equation and the solution of the system, given a time-independent Hermitian
matrix, is €7 [Yinicial)-

)= H) = [0(0) = ()
The problem is that exponentiating a matrix like e”*//* can be computationally difficult,
even though the matrix is sparse the calculation can be exponential. Only decomposing the matrix
utilizing numerical methods cost O(m?). However, there are instances where the Hamiltonian can
be written as a linear combination of local terms where each term acts on part of the system (Nielsen
and Chuang [2000]; Lloyd [1996]):

L
H=>H
I=1
The Hamiltonian is called k-local when H acts on m qubits and each H; acts, nontrivially,
on at most k qubits. It is assumed that each H; is also Hermitian and can be directly exponentiated,
that is, it is an evolution that can be constructed as a quantum circuit and executed on a quantum
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computer Lloyd [1996]. Physically, this concept is also very important since most Hamiltonians
occurring in nature are k-local.

Hence it is possible to conclude that it is possible to decompose local Hamiltonians into
the evolution of the complete Hamiltonian into the product of the evolutions of the local terms.
Furthermore, since each exponent can be represented as a quantum circuit, the problem is solved
for the entire system.

eszt _ e*'LHltelegtmeszLt
if [H;, H;] =0

The restriction [H;, H;] = H;H; — H;jH; = 0, that is, if all local terms commute with
each other. This occurs because this equation is derived from the binomial formula that generates
products such as H Hy Hy which is different from H 12H 9.

Thus, the problem of simulating a Hamiltonian can be described as follows:

Hamiltonian Simulation Problem: Given a Hamiltonian H, a square Hermitian matrix
2™ x 2™, acting on n qubits in time t and error €, the objective is to find the sequence of quantum
gates that implement an evolution as a function of time U whose norm of the difference between
the simulation and the ideal evolution is, at most, €. In other words:

|U -] <e (16)

If [H;, H;] # 0, the product of local terms does not hold. In this case, another tool shown
below is used.

in this case, m is the number of trotter steps. This value should be assigned aiming at the number
of iterations necessary for the simulation error to reach the desired value of ¢, given in 16. A and B
are Hermitian matrices that act on k qubits with k£ < n. In this way, the Hamiltonian simulation of a
matrix can be performed, from the decomposition into local Hamiltonians A and B, in m iterations.
It is important to note that there are variations of 17, here the 1st order trotter formula is shown.

5. Simulating Sparse Matrices

Sparse Hamiltonians naturally arise in physical systems with local interactions, such as
spin chains and lattice field theories, making their efficient simulation a key challenge for quantum
algorithms. So simulating such systems became an important problem in quantum computation.

The theoretical groundwork was laid by Lloyd [1996], who demonstrated that local Hamil-
tonians could be simulated efficiently on a quantum computer using Trotter-Suzuki product formu-
las. Tn this approach, the time evolution operator e~*/* is approximated by a product of exponentials
of simpler, often local, components H = )", H;.

In 2003, Aharonov and Ta-Shma [2003] extended the scope of Hamiltonian simulation to
sparse matrices. They formalized the notion of efficiently row-computable Hamiltonians matrices
for which the nonzero entries and their indices can be computed efficiently and showed that such
systems could be simulated in polynomial time on a quantum computer, assuming oracle access to
the matrix structure. This broadened the class of quantum simulable systems beyond strictly local
Hamiltonians.

In 2007, a pivotal contribution, Berry, Ahokas, Cleve, and Sanders introduced refined
high-order Trotter-Suzuki formulas that significantly reduced the gate complexity required for sim-
ulating sparse Hamiltonians (Berry et al. [2007]).
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5.1. The Coloring Algorithm
A key technique introduced by Berry et al. [2007] for simulating sparse Hamiltonians

involves decomposing a d-sparse Hermitian matrix H € CV*¥ into a sum of efficiently simulatable
1-sparse matrices. This is accomplished through a graph-based coloring algorithm, which ensures
that each resulting component can be simulated independently using efficient quantum subroutines.

Step 1 - Graph Representation To begin, the sparse matrix H is interpreted as the adjacency ma-
trix of an undirected graph G = (V, E), where each vertex v € V' corresponds to a basis
state, and an edge exists between u and v if H,, # 0. Because H is Hermitian, the graph is
undirected: Hy, + 0 = H,, # 0.

Step 2 - Oracle Access The method assumes access to two quantum oracles:

* A position oracle O, which returns the position of the j-th nonzero entry in row v.

* A value oracle Oy, which provides the corresponding matrix element H,, ;.

These oracles allow the algorithm to access the sparse structure of H without needing the full
matrix.

Step 3 - Edge Labeling and Color Assignment To enable decomposition, the algorithm assigns
colors to the edges of the graph such that no two edges of the same color share a vertex. Each
edge (u,v) is labeled using a deterministic, symmetric function of the indices of u and v in
each other’s neighbor lists. Specifically, let:

* 5 be the index of v in the list of «’s neighbors.

* j be the index of w in the list of v’s neighbors.

The color assigned to the edge is then the pair (7, j). Because both 7 and j range from 1 to d,
the number of distinct colors is bounded above by d?. Importantly, this guarantees that each
color class corresponds to a subgraph where each vertex has degree at most one, that is, a
1-regular subgraph.

To ensure consistency in determining the index ¢ or j (especially if neighbor ordering is
ambiguous), Berry et al. employ a technique called deterministic coin tossing Cole and
Vishkin [1986]. This is a symmetry-breaking method that allows two vertices to consistently
determine which one is “greater” using a fixed rule based on their binary identifiers. The
procedure allows for a total order to be derived locally, without randomness, by comparing
the bit representations of vertex labels lexicographically.

This approach ensures that both endpoints of an edge (u, v) can independently compute the
same color assignment using only local information and oracle access to their neighbors,
maintaining coherence in the color decomposition across the entire matrix.

Step 4 - Decomposition into 1-Sparse Matrices Each color class defines a 1-sparse Hermitian
matrix f; ;, where:

(H; ) {Hm,, if edge (u,v) has color (4, 7),
4,7 Juv =

0, otherwise.

Thus, the original Hamiltonian can be written as:

d d
H=Y) % Hj
i=1j=1
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with each H; ; containing at most one nonzero entry per row and column, and therefore
efficiently simulatable. The 1-sparse matrix can be efficiently computed with the following
circuit, also making use of the oracles O and Oy, defined earlier.

— — COMP — H—R.(0) W H — |H)
oy CSW AP o Uncompute
— — — h

Jan)
U

Figure 2: Quantum circuit for simulating 1-sparse matrices.

The simulation proceeds by sequentially applying approximations of the time-evolution
operator e~*%i.it for each 1-sparse component. The complete simulation of e "/ is then achieved
using a Trotter-Suzuki or higher-order decomposition scheme over the sum of all H; ;.

This coloring algorithm is both constructive and efficient, requiring only local access to the
matrix entries and their positions. It plays a central role in sparse Hamiltonian simulation algorithms
by reducing the complex problem of simulating a d sparse matrix to that of simulating O (d?) much
simpler 1-sparse matrices, each of which admits known efficient quantum implementations.

6. Results

To assess the precision of sparse Hamiltonian simulation via the coloring algorithm, we
implemented the Harrow-Hassidim-Lloyd (HHL) quantum algorithm on a 4 x 4 Hermitian matrix
A. The unitary U = ¢’ was simulated using two approaches:

1. Sparse Simulation via Coloring: The matrix A was decomposed into a sum of 1-sparse
matrices using the coloring algorithm, and exponentiated using a first-order Trotter-Suzuki
expansion.

2. Exact Diagonalization: The matrix was diagonalized classically as A = V. DV, enabling an
exact construction of U = VPtV T,

6.1. Fidelity Comparisons by Trotter Step Count

We ran the HHL circuit for each version of U, measuring the output quantum state in 1000
shots. The comparison was repeated using three different Trotter step counts: 1, 50, and 100. The
goal was to evaluate whether the algorithm actually approximates to the coefficient matrix and if
the approximation relates to the number of trotter steps.

We ran the algorithm on Google Colab on a virtual machine with 12 gigabytes of RAM.
We used the Qiskit Version 3 package to run the algorithms on simulators. As the resources of the
classical and quantum machine are limited, we chose a small dimensional 4 by 4 2-sparse matrix as
an example.

S W =
w o o

1
0
4 (13)

— O = O

0 40

Figures 3, ??, and ?? show the results of the HHL simulations using the sparse matrix
simulation with Trotter steps 1, 50, and 100 respectively, compared to the ideal result using the
VDV method.
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HHL output comparison using sparse simulation exact diagonalization vs (trotter step = 1, 50, 100).

303 B simulacao
w1 trotter step
B 50 trotter steps
I 100 trotter steps

320 4

240 A

80

11_[

~ <
=) ~
~ ~

010
011
104

~
S s

1o 7

Figure 3: HHL output comparison using sparse simulation exact diagonalization vs (trotter step = 1, 50 and

100).
Trotter steps Fidelity
1 0.82
50 0.91
100 0.89

Figure 4: Fidelity for 1, 50 and 100 trotter steps.

From the count results retrieved by these executions, the fidelity can be calculated for each
case. The fidelity can be seen as the difference between the exact expected solution that we obtained
by simulating classically and the approximated quantum solution. The less the fidelity is, more the
result approximates the expected solution, see Figure 4.

>V (pigi)?

where p and q represents the quantum states we want to know the “closeness”. The results clearly
illustrate the trade-off between simulation fidelity and Trotter step count. With a single Trotter step,
the approximation error in simulating e*4? causes a noticeable deviation in the HHL result. As the
number of Trotter steps increases to 50 and 100, the fidelity improves substantially, closely matching
the output of the exact diagonalization method but stops getting significant increase from 50 to 100
trotter steps. Also, we see a difference in the pattern of the counts from the trotter executions in
relation to the classical decomposition. We would expect that this difference would vanish as we
increase the number of trotter steps but further investigation may be needed.
7. Conclusion

In this work, we implemented and evaluated a quantum simulation strategy for sparse
Hermitian matrices based on the coloring algorithm, as introduced by Berry et al. (2007). The
simulated time evolution operator U = ¢*4* was constructed using a Trotterized decomposition of
1-sparse Hamiltonians derived from edge coloring. We integrate this simulation approach into the
Harrow-Hassidim-Lloyd (HHL) algorithm to solve a linear system of equations involving a matrix
4 x4,
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Our results demonstrate that increasing the number of Trotter steps significantly improves
the fidelity of the HHL output state compared to the ideal result obtained from classical diagonal-
ization A = VDV,

The quantum sparse decomposition using the coloring approach operates in O(nlogn)
time for d-sparse matrices, representing a significant improvement over the classical Gauss-Jordan
elimination, which scales as @(n?). This highlights the potential of quantum algorithms to effi-
ciently handle structured linear algebra problems, especially in regimes where sparsity and Hamil-
tonian locality can be exploited.

Future work includes the implementation of alternative quantum simulation techniques.
Linear Combinations of Unitaries (LCU) provide a promising route for simulating non-sparse or
dense Hamiltonians with improved precision bounds, Quantum Walk-based simulation algorithms
offer structured evolution models particularly well suited for graph-based or combinatorial prob-
lems. Comparing these methods with the coloring-based sparse simulation, both in terms of fidelity
and resource requirements, will further clarify the trade-offs among different simulation strategies
in realistic quantum hardware environments.
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