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ABSTRACT

This paper investigates the Maximum d-Cut Problem, a generalization of the classic
Maximum Cut and Matching Cut problems. Given a weighted graph and a parameter d, the goal is
to find a vertex partition that maximizes the total weight of edges crossing the cut, under the con-
straint that each vertex has at most d neighbors in the opposite partition. We present mathematical
programming formulations for the problem, including quadratic and linear integer programming
models, and propose a preprocessing technique based on the identification of indivisible subgraphs.
This technique reduces problem size by detecting vertex subsets that must belong to the same par-
tition in any feasible solution. We also prove a sufficient condition under which a subgraph admits
a d-cut, contributing to the theoretical understanding.
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1. Introduction

Graph partitioning is a genre of problems in mathematics that requires the separation of
the vertices of a graph into mutually exclusive groups. Depending on the underlying application
some extra constraints must be applied to the partitions in order to embed meaning in the solution
of the partition problem. Some common constraints or restrictions are linked to the specific kind of
forbidden subgraphs and conflict between vertices.

For example, The Matching Cut Problem, as one of these problems, requires a partition of
the vertices of a graph G = (V, E) into two disjoint subsets A and B such that,

Vv e A, |N()NB| <1

Vv e B,IN(v)NAl <1

where N (v) is the neighborhood of v on G (Chvital, 1984; Graham, 1970).

Defining if a graph admits a matching-cut is an NP-complete problem, with studies having
already been done regarding other limitations to a subset of graphs. When considering graphs whose
maximum degree is four or above, the problem remains NP-complete, but for graphs in which the
maximum degree is three or below, the problem is polynomial-time solvable (Chvatal, 1984).

The Maximum Cut Problem is another problem regarding partitioning on graphs. It also
asks for the partition of a graph into two sets, but with the intent of maximizing the cut size. The
size of a cut is the number of edges with one endpoint on each set. The maximum cut problem
has applications in various fields, such as social networks (Harary, 1959) and image segmentation
(de Sousa et al., 2013). This problem also has some variants, such as the weighted version, where
the objective is to maximize the sum of weights from the cut’s edges, and the decision variant,
where it is asked if, given a graph G and an integer k, there exists a cut with size at least & in this
graph. The decision variant is proven to be NP-Complete (Garey et al., 1976), while the Maximum
Cut (and the weighted variant) are NP-Hard (Woeginger, 2003).

A d-cut is a generalization of matching-cut. Instead of limiting the maximum number
of neighbors in the other partition to 1, it is limited to a parameter d. The d-cut problem is the
corresponding decision problem that aims to determine if a particular graph has an d-cut. Similarly,
the Maximum d-Cut Problem consists of determining a partition that maximizes the size of the cut,
in the same fashion as the maximum cut problem.

Regarding the complexity of the d-Cut Problem and the Maximum d-Cut Problem there
are instances where one of them or both problems can be solved in polynomial time. For example,
if the graph is complete with size over 2d, it doesn’t admit a d-cut, and if the graph has at least one
vertex whose degree is equal to or below d, separating this vertex from the rest of the graph is a
valid d-cut. Still, for the general case, it’s not trivial to determine whether a graph has a cut and
what that cut would be (Gomes, 2019).

As a problem of recent study, there’s little research on the matter. It is known, for the
generalization, that for graphs whose maximum degree 0 < d + 2, the problem admits a polynomial
time solution, and for those whose & > 2d + 2, the problem is NP-complete (Gomes and Sau,
2019). For d+2 < § < 2d+ 2, the complexity of the problem is undiscovered, so far. When setting
d = 1 for comparison with the matching cut, a similar problem with more research, we can see this
unknown region is nonexistent, as § € N

The current fastest algorithm for the Maximum Cut Problem was proposed by Williams
(Williams, 2005), with a running time of approximately O*(1.74™). This algorithm, though, has
an exponential space complexity, and it’s currently unknown whether a polynomial space algorithm
with a time complexity of O*(1.99") exists for the general graph (Woeginger, 2008).
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Our objective in this work is to tackle a variation of the d-cut, intersecting it with the
Maximum Cut problem. We not only want to answer whether a graph has a d-cut, we want to
find the cut that maximizes the sum of weights while still respecting the constraint enforced by the
parameter d.

The remainder of this paper is organized as follows: Section 2 presents some basic defi-
nitions related to the problem. Section 3 presents mixed integer formulations to the problem. And,
Section 4 presents an initial result regarding the presented formulations.

2. Problem Definition

Given a graph G = (V, E), edges with weights w in its edges, define an d-cut as a partition
V(G), ANB =0, AUB = V such that Vv € A,dg(v) < d, and Vv € B,ds(v) < d, where
dx (v) is the number of neighbors of the vertex v in the partition X . Furthermore, define the weight
of a d-cut (A, B) as the sum of the edges that has exactly one endpoint in each set, more formally,
let (A, B) be a partition of G, its weights w(A, B) is given by > ,.c 4 3 ye n(v)np Wou-

A subgraph H = (V’, E’) from a graph G = (V, E) is a graph formed by taking a subset
of the edges and vertices of the original graph G. That means that every edge and vertex in H also
exists in G. An induced subgraph, on the other hand, is a special type of subgraph. For an induced
subgraph H = (V', E') of a graph G = (V, E),Vv,u € V' ((v,u) € E = (v,u) € E'). So for an
induced subgraph, if it contains 2 vertices who are neighbors in the original graph, they should also
be neighbors in the induced subgraph.

The Maximum d-Cut Problem can be defined as, given a weighted graph G = (V, E)
with weights w in its edges, determine a d-cut of maximum weight. Note that this problem is quite
similar to the Maximum Cut Problem.

3. Some Mathematical Models

The Maximum d-Cut Problem can be easily modeled by a quadratic model. Define vari-
ables binary variables J:f} and =5, which represent whether a vertex is in the partition A or B,
respectively. To be more precise, 221 = 1 if and only v belong to the partition A and 0 if it does not.
Similarly, zZ = 1 if and only v belong to the partition B and 0 if it does not.

Using this variables we can model the problem as presented below:

max Z W (.28 4 2B 22 (1)
uwwel

st Z 2 <ny — (ny, — d)a? Vv € V(G) (2)
u€N (v)

Z B <n, — (ny — d)z? Yo e V(G) 3)
ueN (v)

el 2B =1 Yo € V(G) (4)

a4 2B e {0,1} Yo € V(G) (5)

The objective function (1) is just what one might expect, since we maximize the value of
the edges crossing through the partitions; Constraints (2) and Constraints (3) forces that for each
vertex, it only has at most d neighbors in the partition that is not the one its os in; Constraints (4)
defines that the solution does induces an partition on the vertex set since each vertex has to be in
one of the two partitions and finally, Constraints (5) defines that the variables are binary.

Notice that equation (4) represents that the solution induces an partition and therefore
each vertex must be in exactly one set of the partition. Therefore, there is no need to keep two
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variables to register the partition of each vertex. Thus, we can replace our two set of binary variables
by a single binary variable z,, that is equal to 1 if v € A ,and 0 if v € B.

One can easily adapt the model provide using the two variables to a new model for the
variable described before by just applying the substitutions x, = :cf and 25 = 1 — xf. For
completeness, we can describe the model obtained by just transformations in what follows:

max Z Wy (T, + Ty — 2T, Ty) (6)
u,veE
st > my <d—(ny — d)x, Yo € V(G) (7)
ueN (v)
Z Ty > (ny — d)xy Yo € V(G) (8)
u€EN (v)
x, € {0,1} Yv € V(G) 9)

The objective function (6) is similar to (1); Constraints (7), Constraints (8) and Con-
straints (9) are the same constraints that appears in (2), (3) and (5), respectively.

Although the model represented by Constraints (7) to (9) is an integer programming, the
objective function ((6)) is a quadratic expression, thus turning this model into a quadratic program-
ming problem. Nevertheless, we can linearize the objective function to explore it through the realm
of pure binary integer programming. To do so, we must add a binary variable y, , to represent
the multiplication of z,x, and add the necessary constraints to ensure that y, , = 2, to reach a
complete binary linear formulation of the problem.

max Z Wy (T + Ty — 2Yuy) (10)
u,veE
st Z Ty <d— (ny —d)xy Yv € V(G) (11
uEN (v)
> > (ny—d), Yo € V(G) (12)
uEN (v)
You = Ty + Ty — 1 Yo, u € V(G) (13)
You < Ty Yo,u € V(QG) (14)
You < Ty Yo,u € V(G) (15)
z, € {0,1} Yo € V(G) (16)
You € 10,1} Vv € V(G) (17)

The objective function(10) is the same expression as (6); Constraints (11), Constraints (12)
and Constraints (16) are the same constraints that appears in (2), (3) and (5), respectively. And
finally, Constraints (13),Constraints (14), Constraints (15), and Constraints (17) represent the lin-
earization of of the product x,,.x,,.

As a last observation, we point out that the presented models so far had, as the objective
function, a maximization of the sum of weights from the edges that cross the cut. An equivalent
definition, though, can be achieved by using the complementary objective - minimize the sum of
weights from edges that are internal to both partitions.
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min Z wuv(2yv,u — Ty — xu) (18)
u,veEE
st > @y <d—(ny — d)x, Yo € V(G) (19)
u€N (v)
> > (ny—d), Vo € V(Q) (20)
ueN (v)
Yo 2 Ty + Ty — 1 Yo, u € V(QG) (21)
You < Ty Yv,u € V(G) (22)
Yvu < Ty Yv,u € V(G) (23)
r, € {0,1} Yo € V(G) (24)
You € {0,1} Yo € V(G) (25)

4. On Indivisible Subgraphs

When analyzing the constraints of our models, one aspect becomes apparent: the con-
straints that account for the z,, of two vertices only exist if these two vertices have an edge between
them. Therefore, adding an edge to a graph can only add a new constraint; it can never alter or
remove any existing ones.

This observation is important, as it leads to the use of the already defined concept of a
subgraph. Having a valid cut is not a hereditary property, as the addition of a new vertex into a
graph can make the existing cuts invalid, depending on this new vertex and previous characteristics,
as well as create new valid cuts, since if no valid d-cut exists, that means that one can’t make two
non-empty partitions, so one of the partitions can be the original graph, while the other is the added
vertex, and a valid cut is generated.

While having a cut is not a hereditary property, the ways in which you cannot partition
the existing vertices are. Let H be a subgraph of G. For any valid d-cut in G, if we look at the
distribution of the vertices from H in this partitioning of GG, the same partitioning must be a d-cut
for the graph H since it respects the constraint enforced by the parameter d in the graph H. So
we can look at the reversed statement: if an attempt to divide the vertices in the subgraph H is not
valid, it also will not be valid in the graph G.

Let H be a subgraph of GG that admits no valid d-cut. Adding edges between the vertices
of H cannot create a valid d-cut, as one would need to remove the existing constraint, not add new
ones. Alternatively, adding a vertex or a set of vertices could create a valid cut, but all the original
vertices should be in the same partition in this cut, as already mentioned. Therefore, any valid d-cut
in G will require all the vertices from H to be in the same partition.

So the first approach to tackle this problem and simplify the models can be to find indi-
visible H; subgraphs of G, Vv € H;, x, = ¢;.

4.1. Main Result

Theorem 1. Let K C V(G) be a clique of size greater than d and Q) be a set of vertices whose

neighborhood intersection contains such a cliqgue, K C MgeqN (q). The graph G[K U Q)] induced
by the set K U Q admits a d-cut if and only if |K U Q| < 2d.

Proof. First, notice that as | K| > d, every cut must divide the vertices of K into the two partitions.
That is because every vertex in () has an edge to every vertex in K, and if |K| > d, then all the
vertices in () in the other partition would trespass the restriction imposed by d.
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Assume that |K U Q| = 2d + 1, the smallest union possible that upholds the theorem
constraints. For that, we can define a variable ¢, such that || = cand so |K| = 2d + 1 — ¢, as
by definition of the sets K and @, K N Q = (). We divide the vertex in the partitions A and B,
following the constraint that no partition can hold more than d vertices from K or () separately.

So we have x, the number of vertices from K in the partition A, and y, the number of
vertices from () in the partition A. So we have the following system of equations:

z<d
2d4+1—c—x<d
0<y<c
c<d

Each vertex in K has an edge to every other vertex in the union of the sets. That means
we can define how many neighbors each vertex in K has in the other partition, which is the size of
the other partition. So for those in A, they have 2d + 1 — ¢ — x 4+ ¢ — y, and for those in B, they
have = 4 y neighbors. So we can add these to the system.

r+y<d
2d+1—-z—-y<d

Which can be presented as
d+1<x+y<d

An impossible system. Since no partition would be able to respect the restriction imposed by d, the
set K U @) cannot admit an d-cut.

This set, once found, can be extended. Since it does not admit a d-cut, all of its vertices
must be in the partition in a d-cut for the graph G. Any vertex v in the graph with neighborhood
N(v) whose |[N(v) N (K UQ)| > d must also be in the same partition to respect the constraint
imposed by the parameter d. It must be in the same partition, and it can also be included in the
indivisible set, allowing an iterative extension process. O

We remark that Theorem 1 provides a manner to reduce the size of the problem by select-
ing subsets of vertices that can must be in the same set regarding a d-cut. More precisely, let K
and () be two sets of vertices fulfilling the requirements of Theorem 1. Notice that, as such vertices
must be in the same partition (if any exists) one can force all the variables associated to this vertices
to be equal among themselves.

5. Conclusion

The proposed approach to reduce the size of the problem through finding indivisible sub-
sets of vertices can be very effective if many instances are found, or if these instances does not
admits a d-cut, some subsets can be extended to many vertices. Nevertheless, it is important to
notice that for this approach to be fully applicable it is necessary an algorithm to find a subgraph
K U @Q for each Theorem 1 holds (of course, for the chosen d value). Finding these structures is
unwarranted, though, so for graphs without the indivisible structure, solving the model only through
linear programming should be very costly.

The linear model presented here and the simplification provided by Theorem 1 stand to
be tested against random graphs to check for their effectiveness in solving the problem for the
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Maximum Cut that respects the d-cut constraint. Also, due to being a recent topic of study, the
d-cut problem and this maximum cut variation lack a benchmark of hard instances for the testing of
possible solutions. It remains as an open challenge the creation of these benchmark instances and
also the testing of the approach presented in this article against these benchmarks.
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