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ABSTRACT
This research addresses the Two-Dimensional Stock Cutting and Scheduling Problem

(2D-CSSP), which is the combination of the Two-Dimensional Stock Cutting Problem (2D-CSP)
and the scheduling problem. This problem, frequently encountered in industrial environments, aims
to minimize the sum of terms related to raw material consumption and the maximum and total
amount of late periods in fulfilling orders formed by one or more types of items. An integer linear
programming model is proposed for the integrated problem, extending a pseudo-polynomial model
from the literature developed for the 2D-CSP. An enumeration procedure is presented to obtain
2-stage non-exact guillotine cutting patterns. Computational tests were performed to validate the
model using a commercial solver on benchmark instances adapted for the problem.

KEYWORDS. Cutting stock problem. Scheduling problem. Due date. Mathematical formu-
lation. Integer linear programming.
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1. Introduction
The Two-dimensional Cutting Stock and Scheduling Problem (2D-CSSP) corresponds to

the integration of the Two-dimensional Cutting Stock Problem (2D-CSP) and scheduling, classi-
fied as NP-Hard [Garey and Johnson, 1979], studied extensively in the last decades, and present in
various industrial segments. The 2D-CSP deals with the efficient production of rectangular items
by cutting larger rectangular objects, so that the a priori known demand for each item type is sat-
isfied, while minimizing an objective function associated with the use of raw material, such as the
quantity of objects cut or the total area of material discarded. This mathematical challenge is often
addressed in the furniture, glass, paper, and metallurgical industries. In general, the items produced
are associated with one or more orders, and each order has a due date. Thus, items from different
orders can be geometrically arranged and cut from the same object, which is called a cutting pattern
[Gilmore and Gomory, 1965]. The inclusion of due dates in a production plan influences the choice
of which cutting patterns should be used and also the order in which they are executed. An order is
finalized as soon as the last item that makes it up is produced, and if this occurs after the previously
defined due date, then the order is said to be late. In this way, the 2D-CSSP aims to minimize the
sum of the costs of cutting and delays in production, both expressed in a convenient monetary unit.

Production is planned to occur over production periods, which can be interpreted as
weeks, days, or work shifts. The due date of each order coincides with the end of some exist-
ing production period. To quantify the delay in production, the total tardiness of orders (the number
of late periods for each order) and/or the maximum tardiness of orders (the maximum violation in
relation to due dates) is generally used. Regarding cutting patterns, the following conditions are
considered: (i) there cannot be overlapping of items; (ii) the cuts performed are orthogonal guillo-
tine, that is, they are parallel to the edges of the object, giving rise to two smaller rectangles; (iii) up
to two stages of guillotine cuts are performed in the cutting pattern and a third stage is allowed for
the removal of trimmings; (iv) the orientation of each item is fixed, that is, rotations are not allowed.
Such a cutting pattern is classified as 2-stage non-exact guillotine. Figure 1 shows three types of
two-dimensional cutting patterns: non-guillotine (1a), obtained by disregarding condition (ii), 2-
stage non-exact guillotine (1b) and 2-stage exact guillotine (1c), which satisfy all the mentioned
characteristics.

(a) (b) (c)

Figure 1: Examples of two-dimensional cutting patterns: (a) non-guillotine, (b) 2-stage non-exact
guillotine, and (c) 2-stage exact guillotine . The hatched area represents waste.

In this paper, we propose a new Integer Linear Programming (ILP) model for 2D-CSSP,
extending the pseudo-polynomial model proposed for 2D-CSP in [Silva et al., 2010]. We consider,
in addition to the quantity of cut objects, the minimization of the weighted sum between the max-
imum tardiness and the total tardiness of the orders. The developed formulation allows the same
item type to be demanded in more than one order throughout the production planning and for orders
to be formed by one or more item types, characteristics rarely addressed in the literature.

This paper is organized as follows: Section 2 presents a brief literature review on the prob-
lem. Section 3 describes the problem mathematically and proposes an integer linear programming

https://proceedings.science/p/212195?lang=pt-br

DOI: 10.59254/sbpo-2025-212195

https://proceedings.science/p/212195?lang=pt-br
http://dx.doi.org/10.59254/sbpo-2025-212195


model. An item-object enumeration procedure for generating 2-stage non-exact guillotine cutting
patterns is described in Section 3.1. Section 4 presents computational results obtained with instances
from the literature adapted for the problem, and in Section 5, final conclusions are reported.

2. Literature review
In the literature, some papers deal with the integration of the cutting stock problem with

scheduling. In [Li, 1996], a model is proposed that associates previously known two-dimensional
cutting patterns to periods of arbitrary size, tackled with LP-based and non-LP-based heuristics.
The one-dimensional version is addressed in [Reinertsen and Vossen, 2010], with the proposition
of an exact model only when the Earliest Due Date (EDD) rule holds. A few years later, [Arbib and
Marinelli, 2014] consider the same problem, describes a model for associating cutting patterns to
periods, and develops a resolution procedure based on period refinement, column generation, and a
partial enumeration scheme.

The classical model of [Kantorovich, 1960] is extended with the notions of sequencing in
[Braga et al., 2016] and reinforced with knapsack constraints generated with dual-feasible functions.
This formulation is considered in [Pitombeira-Neto and Prata, 2020], covering the case where or-
ders are formed by several types of items. On the other hand, the pseudo-polynomial arc-flow model
proposed by [Valério de Carvalho, 1999] is extended in [Braga et al., 2015], considering the min-
imization of the total tardiness of orders and unit periods. To solve the problem, the aggregation
of consecutive periods and a post-processing to minimize the production delay are proposed. In
[Oliveira et al., 2025], an ILP model is proposed to minimize the tardiness and earliness of orders
and machine setup. A procedure composed of column generation, relax-and-fix heuristic, and a
local search is developed as a solution methodology.

The Two-Dimensional Bin Packing Problem (2D-BPP), the version of 2D-CSP with uni-
tary demand items, is also addressed in the literature, integrating it with production sequencing, as
explained in [Bennell et al., 2013; Polyakovskiy and M’Hallah, 2017; Arbib et al., 2021], in which
the maximum lateness of orders is minimized. In [Martin et al., 2024], the objective is to minimize
the total spread and maximum spread of orders, where the spread is given by the number of periods
between the start and end of processing of each order.

3. Problem description and proposed model
Consider a production schedule divided into T production periods and denote by T =

{1, . . . , T} the set of corresponding periods and P = {1, . . . , P} the set of requested orders. The
rectangular objects available in each period have lengths L and widths W . Let I = {1, . . . , I} be
the set of item types, of length ℓi and width wi. The demand for item type i in order p is represented
by bip, i ∈ I, p ∈ P , and the due date of each order is given by dp ∈ T .

Orders composed of more than one item type are said to be heterogeneous, and the corre-
sponding demand vector is given by bp = {b1p, . . . , bIp}. Orders for only one item type are said to
be homogeneous, and the demand vector has only one non-zero component. Denote by P i the set
of orders p ∈ P in which item type i ∈ I has non-zero demand.

The ILP model proposed as follows extends the formulation developed for the 2-stage
guillotine 2D-CSP in [Silva et al., 2010], considering production periods and orders with due dates.
The model described in [Silva et al., 2010], in turn, extends the one-cut model, introduced by
[Dyckhoff, 1981], which is based on the notion of cutting, so that when an object of length L is cut
to obtain an item of length ℓi, a residual object of length L − ℓi is obtained and becomes available
for cutting.

In the 2-stage two-dimensional case, considering that the guillotine cuts of the first stage
are horizontal, each time an object of dimensions L ×W is cut to obtain an item of dimensions
ℓi × wi, two residual rectangles are obtained, the first of dimensions (L− ℓi)× wi and the second
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of dimensions L × (W − wi). In the first rectangle, a horizontal cut (first stage) can be performed
again, as long as its dimensions allow some item to be obtained. On the other hand, in the second
rectangle, only the second stage (vertical) cuts can be performed. Since no item can be cut from a
residual rectangle, it is disregarded. In this way, an enumeration of all possible item-object pairs is
previously calculated, according to Algorithm 1 (see Section 3.1).

Figure 2 illustrates the steps of the enumeration algorithm for the case where the original
object has dimensions 4× 5, item type 1 (orange color) 3× 2, and item type 2 (yellow color) 1× 1.
Figure (2a) shows that the action of cutting one item type 1 from the original object gives rise to
two residual objects: R1 of dimensions 4 × 3 and R2 of dimensions 1 × 2. Figure (2b) shows that
the action of cutting one item type 1 from the residual object R1 produces the residual objects R3

and R4 of dimensions 4× 1 and 1× 2, respectively.
In Figure (2c), one item type 2 is cut from the residual object R2 and it is observed that

the obtained residual object R5, of dimensions 1× 1, must be discarded, since in the residual object
R2 only second-stage cuts can be performed (in other words, in the residual object R5 no item can
be allocated, otherwise the cutting pattern would not be 2-stage). Note that R2 = R4, therefore (2c)
may happen twice. Figure (2d) presents a final feasible 2-stage cutting pattern composed of item
types 1 and 2.

R1 = 4× 3

3× 2

R
2
=

1
×

2

(a)

R3 = 4× 1

R
4
=

1
×

2

3× 2

(b)

1× 1

R5 = 1× 1

(c)

3× 2

3× 2

1× 1

1× 1

1× 1 1× 1 1× 1 1× 1

(d)

Figure 2: Examples of the process of cutting items from an object. In (a) and (b), item type 1 (orange color)
is cut from the original object and from the residual object, respectively. In (c), item type 2 (yellow color) is
cut from a residual object. A feasible cutting pattern is presented in (d). The hatched area represents waste.

Let K = {0, 1, . . . ,K} be the set of residual object types, where object type 0 is the orig-
inal object. The model has four decision variables. The non-negative integer variable xtik indicates
the number of item type i ∈ I cut from object type k ∈ K in period t ∈ T . The non-negative
integer variable ztip, which corresponds to the number of item types i ∈ I produced for order p ∈ P
in period t ∈ T . The binary variable ytp, which is equal to 1 if the order p ∈ P was not completed in
the period t = {dp, . . . , T}, and 0 otherwise. Finally, the non-negative integer variable Y represents
the maximum tardiness between orders, that is, the worst violation of due dates.

The parameter aikh is defined as 1 if, by cutting the item type i in the object type k, we
obtain the object type h. Furthermore, for each object type k ∈ K, the setQk is formed by the item
type i ∈ I that can be cut in the object type k. Similarly, for each item type i ∈ I, the set V i gathers
the object type k in which the item type i can be cut.

The proposed model is defined as follows:

min ω0

∑
t∈T

∑
i∈I

xti0 + ω1 Y + ω2

∑
p∈P

∑
t>dp

ytp, (1)
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s.t.:
∑
k∈Vi

xtik =
∑
p∈Pi

ztip, i ∈ I, t ∈ T , (2)

∑
t∈T

ztip = bip, i ∈ I, p ∈ P i, (3)∑
i∈I

∑
j∈Vi

aijk x
t
ij ≥

∑
i∈Qk

xtik, k ∈ K \ {0}, t ∈ T , (4)

ztip ≤ Oip y
t
p, i ∈ I, p ∈ P i, t > dp, (5)

yt+1
p ≤ ytp, p ∈ P, t > dp, (6)∑
t>dp

ytp ≤ Y, p ∈ P, (7)

∑
i∈Q0

xti0 ≤ Ct, t ∈ T , (8)

xtik ∈ Z+, i ∈ I, k ∈ V i, t ∈ T , (9)

Y ∈ Z+, (10)

ztip ∈ Z+, i ∈ I, p ∈ P i, t ∈ T , (11)

ytp ∈ {0, 1}, p ∈ P, t > dp. (12)

The objective function (1) minimizes the sum of the quantity of (original) objects cut,
maximum tardiness between orders, and total tardiness, according to the parameters ω0, ω2, and
ω1, respectively. Such parameters are responsible for a monetary conversion of each term of the
objective function. The constraints (2) and (3) guarantee the production of the items demanded in
each order. The first set ensures that the quantity of item type i ∈ I produced in each period t ∈ T
is distributed to one or more orders in which item type i is required. The second set imposes that
the demand for each item type in order p ∈ P is satisfied by considering all production periods. In
(4), it follows that for each period t ∈ T the number of cut objects type k ∈ K \ {0} cannot be
greater than the number of objects obtained of the same type. The correct counting of periods in
which an order p ∈ P is late is done by means of the inequalities (5) and (6). In (5), it is ensured
that the production of item type i ∈ I for order p ∈ P i in period t ∈ T occurs only if the order was
not completely processed, that is, if ytp = 1. The parameter Oip is an upper bound for the maximum
quantity of item type i ∈ I produced in order p ∈ P . The inequalities (6) establish that if order
p ∈ P was not completely processed in the period t > dp, then the same is true for the previous
periods. The maximum violation of due dates is defined in (7). The quantity of (original) objects
cut in each period t ∈ T cannot be greater than the production capacity of the period, as pointed
out in (8). Finally, in (9) to (12) the domains of the model’s decision variables are defined.
3.1. Item-object pair enumeration procedure

As mentioned earlier, it is necessary to perform an enumeration of all feasible item-object
pairs previously. Algorithm 1 describes this procedure, based on the algorithms developed in [Silva
et al., 2010] (for the 2- and 3-stage cases) and in [Furini et al., 2016] (for the non-staged case).

The algorithm starts by including the triple (L,W, 1) in the set of rectangles R, corre-
sponding to the original object. The first two components of the triple correspond to the dimensions
of the object, while the third indicates the stage of the cut that can be made on the object. This
rectangle, indicated by the index 0, is marked as unprocessed. The process is finished as soon as all
rectangles in R have been processed.

Then, an unprocessed rectangle r in R is selected, and the item type i ∈ I that has
dimensions such that it can be cut into the rectangle is stored in Qr (steps 3-6). For each item type
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i ∈ Qr, the two residual rectangles resulting from the cut of the item in the rectangle r are defined:
R1, of dimensions Lr × (Wr − wi), and R2, of dimensions (Lr − ℓi) × wi. The third component
of the triples related to these rectangles tells which stage can be executed in each rectangle (steps
9-10). Figure 3 illustrates obtaining R1 and R2.

R1 = Lr × (Wr − wi)

ℓi × wi R2 = (Lr − ℓi)× wi

Lr

Wr

Figure 3: Residual objects R1 and R2 generated after cutting one item of dimensions ℓi × wi from the
object of dimensions Lr ×Wr .

If on rectangle r only second-stage cuts can be performed (i.e., r is a rectangle of type R2),
then when analyzing the residual rectangles generated by cutting some item in r, every rectangle
of type R1 must be discarded. If it were possible to allocate any item in the rectangle of type
R1, then the resulting cutting pattern would not be 2-stage, but rather 3 or more stages. For this
reason, rectangles of type R1 can only be obtained from an object r on which first-stage cuts can be
performed (step 11).

If no item can be cut from R1, then the rectangle is discarded. Otherwise, it is checked
whether R1 has already been obtained in previous steps. If not, the triple associated with R1 is
included in R, R1 is marked as unprocessed and the parameter ai,r,|R| = 1 is set. This parameter
means that cutting the item type i in the object r results in the residual object with index |R|, where
|R| is the number of elements in the set R (after including the triple associated with R1). On the
other hand, if the rectangle R1 has already been included in R, it is sufficient to set the parameter
ai,r,λ = 1, where λ is the index of the rectangle in R equal to R1 (steps 12-19). The analysis for R2

is analogous (steps 20-27). Finally, the rectangle r is marked as processed (step 28).

4. Computational results
In this section, computational experiments are reported to evaluate the proposed ILP

model. All implementations were coded in Julia 1.9.2/JuMP 1.12.0 with the solver Gurobi 12.0.1,
using a computer with an Intel(R) Core(TM) i7-8700 CPU 3.20GHz, with 32Gb of RAM, and Win-
dows 10 operating system. The tolerance established was 10−8 and the time limit for each run of
the solver was limited to 600 seconds.

The set of instances used is an adaptation of the gcutd1-12 instances proposed in [Cintra
et al., 2008] for 2D-CSP. These, in turn, were obtained by adding a random demand between [0, 100]
to the gcut1-12 instances proposed in [Beasley, 1985], generated for the Two-dimensional Knapsack
Problem (2D-KP). The dimensions L ×W of the objects are 250 × 250 in gcutd1-4, 500 × 500
in gcutd5-8 and 1000 × 1000 in gcutd9-12. The number of item types I varies in 10, 20, 30, and
50. The dimensions ℓi ×wi of each item type i ∈ I were sampled in the intervals [L/4, 3L/4] and
[W/4, 3W/4].

In order to obtain instances for the 2D-CSSP, the number of periods (T ), production ca-
pacity in each period (Ct), number of orders (P ), demand for item type i in order p (bip) and the
due date of each order (dp) must be specified. For each parameter, the following considerations are
made.
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Algorithm 1: Item-object enumeration for 2-stage non-exact guillotine cutting patterns
Input : Length L and width W of the original object and set of item types I
Output: Set of residual objects R and parameter aijk

1 Initialize the set R with the triple (L0 = L,W0 = W, est0 = 1)
2 Mark rectangle 0 as unprocessed;
3 while R contains an unprocessed rectangle do
4 Select an unprocessed rectangle r ∈ R
5 Qr ← ∅
6 for i ∈ I do
7 if wi ≤Wr and ℓi ≤ Lr then Qr = Qi ∪ {r}
8 for i ∈ Qr do
9 R1 ← (Lr,Wr − wi, 1)

10 R2 ← (Lr − ℓi, wi, 2)
11 if estr = 1 then
12 if some item type i ∈ I can be allocated in R1 then
13 if R1 /∈ R then
14 R← R ∪ {R1}
15 Mark R1 as unprocessed
16 Set ai,r,|R| ← 1

17 else
18 Let λ be the index of the rectangle such that R1 = Rλ

19 Set ai,r,λ ← 1

20 if some item type i can be allocated in R2 then
21 if R2 /∈ R then
22 R← R ∪ {R2}
23 Mark R2 as unprocessed
24 Set ai,r,|R| ← 1

25 else
26 Let λ be the index of the rectangle such that R2 = Rλ

27 Set ai,r,λ ← 1

28 Mark r as processed

• The number of periods are chosen arbitrarily as T = 5, 10, and 15.

• Each period has the same production capacity (C1 = · · · = CT ). To determine it, the number
of objects needed to satisfy the total demand for items is divided by the quantity of objects
T , and the integer greater than or equal to it is taken. These quantities can be extracted from
[Furini and Malaguti, 2013], or obtained by solving the 2D-CSP integrated in the model (1) -
(12).

• Homogeneous and heterogeneous orders are handled separately. In the homogeneous case,
the total quantity of orders is P = I · T , so that there are T orders for each item type i ∈ I.
The demand for item type i ∈ I in order p ∈ P i is generated by randomly dividing the
demand for item type i in the gcutd instance by T . Finally, it is established that the t-th order
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for each item type has the same due date, which is randomly generated in the interval [1, T ].

• For the heterogeneous case, the total quantity of orders is P = T . The demand for item type
i ∈ I in order p ∈ P is equal to the demand for the t-th order for item type i, in the case of
homogeneous orders (previous item). Basically, the t-th order for each item type is grouped
together in a single order. The same due dates as in the previous case are preserved.

In this way, the same data set can be used for cases of homogeneous and heterogeneous
orders, changing only the number of orders for each case. Thus, there are 36 instances (12 for T =
5, 10, 15), referred to below as “gcutds-T -L-I” and available in (add repository after acceptance).

The problem is solved by considering three different scenarios, each characterized by the
presence (or absence) of each of the three terms that form the objective function (1). The first
scenario focuses only on minimizing the number of cut objects without taking into account any
scheduling constraints, imposing ω0 = 1, ω1 = ω2 = 0. In the second scenario, it is also desired
to minimize the sum of the tardiness of each request, while maintaining the same number of cut
objects as in the first scenario. Thus, the following difference in the order of magnitude between the
parameters is established: ω0 = T 2, ω1 = 0, ω2 = 1. The last scenario adds the minimization of the
maximum tardiness between the orders, so that this has a greater impact on the solution than the sum
of the tardiness of the orders. To keep the same amount of cut objects, ω0 = T 3, ω1 = T 2, ω2 = 1
is set.

Table 1 shows the computational results for each of the scenarios described above, con-
sidering only homogeneous orders. The first column provides information on the name and the
averages for each set of 12 instances (T = 5, 10, 15). The second column (

∑
x) reports the number

of objects cut in the 2D-CSP solution associated with the problem. The other columns are divided
according to the three scenarios. For each group, the maximum tardiness among the orders (Y ), the
sum of the tardiness of each request (

∑
y), the execution time in seconds (time[s]), and the gap in

percentage (gap[%]) are displayed.
It can be observed that for T = 5, optimality was reached for all instances, with average

execution times of 0.39s, 20.15s, and 44.72s in the first, second, and third scenarios, respectively.
For T = 10, all instances were resolved to optimality in the first scenario, 10 instances in the
second scenario, and 11 in the third (average gap less than 0.01%), with average execution times of
1.23s, 179.36s, 191.96s. Finally, for T = 15, all instances were resolved to optimality in the first
scenario, 4 in the second, and 5 in the third (average gap less than 0.01%), with average execution
times of 2.66s, 480.52s, and 434.98s. The results indicate that the inclusion of the terms referring
to the maximum lateness of orders and the sum of the lateness of orders in the objective function
imply a greater computational effort, as expected. Furthermore, the same behavior is observed when
increasing the number of production periods.

However, the most interesting result is obtained when analyzing the variation of the maxi-
mum lateness and the sum of the lateness of the orders in each scenario. The first scenario indicates
that, among the multiple optimal solutions that minimize the number of cut objects, due to the
absence of the terms for minimizing maximum lateness and sum of lateness of orders in the ob-
jective function, there are some solutions with these metrics reaching relatively large values, when
compared to the other scenarios. For T = 5, 10, and 15, the maximum lateness reduced, from the
second scenario to the third, by 32%, 45%, and 60%, respectively, and the sum of the lateness of
the orders increased by 17%, 19%, and 44%, respectively. Thus, it is clear that the inclusion of the
minimization of the maximum lateness, in addition to reducing the maximum lateness, implies an
increase in the sum of the lateness of the orders.

The columns of Table 2 are organized in the same format as Table 1, and show the compu-
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tational results for each scenario, considering only heterogeneous orders. All instances were solved
to optimality for T = 5, with average execution times of 0.38s, 4.91s, 1.85s, and for T = 10, with
average execution times of 1.21s, 67.96s, and 29.85s. For T = 15, all instances were solved to
optimality in the first scenario, 8 in the second (average gap less than 0.01%), and 9 in the third
(average gap less than 0.01%), with average execution times of 2.44s, 268.52s, and 230.33s. It is
observed that there was less computational effort in relation to execution time to solve instances
with heterogeneous orders compared to instances with homogeneous orders.

Regarding the variation of the maximum lateness and the sum of the lateness of the orders,
it follows that for T = 5, 10 and 15, the maximum lateness reduced, from the second scenario to
the third, by 27%, 46%, and 51%, respectively, and the sum of the lateness of the orders increased
by 15%, 10%, and 3%, respectively.

5. Conclusions
The Two-dimensional Cutting Stock and Scheduling Problem was addressed in this work.

An integer linear programming model was proposed, extending the model developed for 2D-CSP
in [Silva et al., 2010], considering homogeneous and/or heterogeneous orders. The possibility of
a type of item being demanded in more than one order was included, together with an objective
function that minimizes the sum of three terms: the quantity of objects used, the maximum lateness
between orders, and the sum of the lateness of each order.

The computational tests were performed with instances adapted from the literature. The
results were analyzed by distinguishing three different scenarios, defined by the inclusion (or not)
of each term that composed the objective function. Most instances were solved until optimality,
and the others presented a gap lower than 0.01%. The results indicate that it is possible to obtain
optimal solutions in relation to the number of objects used in each scenario and, in addition, to find
solutions that minimize the sum of the lateness of the orders and the maximum lateness between the
orders. The parameters ω0, ω1, ω2 can be used to define a priority among the terms to be minimized
and also to capture price variations in the value of the raw material and possible fines related to the
late delivery of orders in practical situations.
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