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ABSTRACT

The Intersection Clustering Problem (ICP) aims to identify data dependencies by group-
ing objects according to their use of shared resources, such as words used in writing fake news,
collusion companies competing in public tenders or co-authors of scientific articles. In this work,
starting from the concept of an intersection graph for ICP, we propose a new mathematical for-
mulation for the problem, aiming to create an optimal partitioning with up to two objects in each
part. The experiments carried out on artificial instances show that the new formulation was able to
reach the optimum in all cases within the time limit, with a 99.2% reduction in the time taken to
solve the instances. At the same time, the solutions obtained maintain the quality of the model in
generating groups with better intersections than classical models according to the average silhouette
intersection index metric.
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1. Introduction
Clustering is a technique that groups unlabeled data so that objects within the same class

have similar characteristics, and are different from objects within other classes [Aidagulov et al.,
2022]. According to [Oyewole and Thopil, 2022], this technique is widely used in industrial ac-
tivities such as the relationship between road transportation data and macroeconomic indicators,
designing of cellular manufacturing, designing of ship loading and diesel fuel consumption, and
identification of patterns in healthcare data sets.

To extract useful information from public procurement auction data to detect collusion
[Garcia Rodriguez et al., 2022], we stress the importance of grouping competing companies, which
in their history jointly participated in public tenders, to, in a second moment, measure how much
this concomitant participation did not occur by chance. Therefore, we started searching for an
appropriate clustering model for this task; first, we used the most classic clustering model in which
the proximity is based on a distance function d(i, j) of objects i and j. The first difficulty was to
define what would be a good distance function between two companies since the bids are not ordinal
values, but guided by their common characteristics, as in [Lapointe and Legendre, 1994], where the
authors use the Jaccard distance function

|[Li N Lj|

(Zh]) |L1ULJ‘7

(D
which takes value 0 when the intersection of the objects’ features is equal to their union (maximum
similarity) and value 1 when the intersection is empty. By making L; the set of bids for company i,
we applied the Jaccard distance matrix to the p-median model [Daskin et al., 2015], which seeks to
build clusters whose distances to the prototype object are minimized. Observing the formed solu-
tion, the companies of each cluster frequently do not have any bidding in common. To understand
this phenomenon, observe the companies A, B, and C' of Figure 1(a). The company C' is the proto-
type of its cluster, and therefore companies A and B have a good intersection with C'; however, this
relationship is not transitive, that is, A and B may not have participated in any joint bidding, and
this distance is not accounted for in the objective function.

Seeking to avoid the non-transitivity of the Jaccard distance, we applied next the Jaccard
matrix to the Cluster Editing model [Boécker and Baumbach, 2013], which seeks to partition the
input graph into disjoint cliques by performing a minimum number of modifications of its edges
(addition or removal). As illustrated in Figure 1(b), in each cluster, all links between objects are
accounted for in the objective function. However, even if companies A, B and C' are in the same
cluster, minimizing internal links, there is no guarantee that the bids contained in the intersection of
A and B are the same as those in the intersection of B with C, so the solution continues with few
intersections.

We then used the measure of proximity of objects ¢ and j from a similarity function
0(i,7), which accounts for the number of dissimilar features between objects, that is, the more
similar features more the objects are close [Huang, 1997]. This clustering model is used on non-
ordinal categorical data [Bai and Liang, 2015]. We associate each bid with a binary category of
the company indicating whether or not it participated in that bid and map the function §(i, j) to
the p-median model as proposed by [Huang, 1998]. However, the similarity function §(i, j) also
suffers from non-transitivity in its relations. In Figure 1(c), we can observe in the table of simi-
larities that the company C' attracts the companies A and B to its cluster because it has only two
dissimilarities; however, when observing d( A, B), the dissimilarity is total, thus creating clusters of
low intersection.

Abandoning the relationship between companies pair by pair, we tried to adopt the bi-
cluster model [Nadif and Govaert, 2013], in which two groups of distinct entities relate to each
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Figure 1: Clustering models.

other, but the relationship between elements of the same entity is forbidden. Observing the bipartite
graph G in Figure 1(d), we have the companies in one entity (black balls) and the bids in another
(black squares), and the edges represent the participation of the companies in the bids. This graph
is provided to the Bicluster Editing Problem model [Sousa Filho et al., 2021] which seeks to parti-
tion it into disjoint bicliques minimizing the number of modified edges. However, bi-clusterization
continued to generate groups with low intersections. Returning to Figure 1(d), the biclique formed
by companies A, B, and C has bids r; and r3; however, company C' did not participate in r; —
this relation was added by the model. Therefore, despite the few edge modifications in the original
graph, this group only has the bidding r in its intersection.

Therefore, in [Galvao Jr., 2023], the Intersection Clustering Model was proposed. This
model does not use the direct relationship between two objects; instead, the evaluation of each
cluster is guided by the size of the intersection of its objects’ resources. In Figure 1(e), the cluster
formed by companies A, B, and C has two bids at the intersection since all companies participated
in r; and ro. From this model, a combinatorial optimization problem was proposed, titled Inter-
section Clustering Problem (ICP), and exact and heuristic solutions to maximize the intersection
between groups of objects.

The above discussion was focused on the example of grouping companies based on par-
ticipation in fraudulent bids, but the ICP can be used for other contexts, such as: grouping words
used in the same emails classified as spam, thus allowing to identify the dependence of the words
in the context; products grouped by the same characteristics in order to identify their origin, and
grouping of professors in a research center by the co-authorship of their scientific articles.

In this work, we propose a new integer programming model, titled Pairwise Model, which
was based on a theoretical aspect of the ICP, presenting a good speedup compared to the original
model in our computational experiments.

The structure of the paper is as follows. In Sect. 2, we review some clustering models
from the literature. In Sect. 3, we present the ICP and discuss some theoretical aspects. In Sect.
4, we propose a new integer programming model for ICP. In Sect. 5, we perform computational
tests on artificial instances to benchmark our performance against classical clustering algorithms.
In Sect. 6, we present our concluding remarks.

DOI: 10.59254/sbpo-2024-193740
https://proceedings.science/p/1937407?lang=pt-br


https://proceedings.science/p/193740?lang=pt-br
http://dx.doi.org/10.59254/sbpo-2024-193740

LVl B P SIMPOSIO BRASILEIRO DE
PESQUISA OPERACIONAL

. 0% DE 04 ATE 07

{ { [dh1|ﬁ RS r 1 NOVEMBRO 2024

X ﬂb““ & CX nesal '

FORTALEZA | CEARA

2. Literature Clustering Models

[Oyewole and Thopil, 2022] presents a classification criterion of clustering based on the
proximity measure being divided into distance matrix and similarity matrix. We use this classifi-
cation to separate the clustering models that, within our knowledge, could be adapted to identify
groups with elements in their intersection, we also present clustering models based on editing their
edges.

2.1. Distance matrix

In this model, objects are grouped into different clusters according to certain distance
function d(z, 7), usually for continuous and ordinal features c. Considering m the number of objects
features, the most common function is the Euclidean distance

K-means [MacQueen, 1967] is the most popular clustering algorithm, it creates a parti-
tioning P of the set of objects X, where |P| = k. It consists in placing each object z € X in
the cluster with the closest centroid ¢, minimizing the sum of distances d(x, ¢) [Sinaga and Yang,
2020]. A centroid is a point, localized exactly at the center of a cluster. As this centroid is artificial,
k-means was not adopted in this work.

The p-median problem seeks to identify p source locations and assign them to n destina-
tions while minimizing the sum distance between destinations and corresponding sources [Gwalani
et al., 2021]. In the data mining area, the most established heuristic for the p-median is called k-
medoid [Park and Jun, 2009]. Inspired by the k-means algorithm, the partitions of X are built by
choosing a cluster member object as its centroid.

[Hennig, 2022] presents 12 different standard indexes in the literature on the internal
validation of clustering, being able to evaluate desirable aspects in specific applications. In this
work, we adopted the Average Silhouette Width index proposed by [Rousseeuw, 1987] because
it attempts to balance two aspects of cluster quality, namely homogeneity, and separation. For
¢ = 1,...,n, and considering /; as the cluster identifier that contains the object ¢, we have the
"silhouette width"

b(i) — a(i)
maz{b(i),a(i)}

where a(i) = ﬁ Y jec,, d(i,5) and b(i) = g;ln a2 jec, A, 5).
The Average Silhouette Width is defined as

S(Z) = S [_17+1]7 (2)

2.2. Similarity matrix

Categorical data is defined from the observation of categorical variables, i.e., variables that
have a finite and unordered set of possible values [Huang, 1997]. Formally, let X = {1,2,...,n} be
a set of n objects, A = {ay,as,...,an} a set of m attributes used to describe the objects of X. To
measure the proximity between the objects ¢, 7 € X we have the similarity function

8(i,5) =Y _1[aly) # ],
p=1
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which computes the number of attributes that are different between ¢ and 7, that is, the more equal
attributes, the closer the objects are.

To cluster this kind of data, the k-modes algorithm is one of the most popular, it is very
similar to the k-means algorithm, with a divergence in the way the nearest cluster to a point is
defined. In this case, the dissimilarity function §(, j) is used [Chaturvedi et al., 2001].

[Bai and Liang, 2015] presents in detail two similarity measures from the literature for
clustering categorical solutions:

* The category utility function (CU) attempts to maximize the probability that two data objects
in the same cluster obtain the same attribute values;

¢ The information entropy function (£j,4) uses the information-theoretic principles and the
notion of entropy to measure the clustering results. The basic intuition is that groups of
similar objects have lower entropy than those of dissimilar ones.

2.3. Graphs editing model

The models presented in this section work with clique formation in their solutions. A
clique is a subset of the vertices such that every two distinct vertices are adjacent.

The cluster editing problem (CEP) consists of giving a graph G = (V, E), transforming G
into a vertex-disjoint union of cliques by inserting and deleting a minimum number of edges from E
[Bocker and Baumbach, 2013]. A non-automatic version of CEP called p-CEP, builds a partitioning
of p cliques minimizing edge edits [Bulhdes et al., 2017a].

The bicluster editing problem (BEP) consists of editing a minimum number of edges in
order to transform an input bipartite graph G = (V1, Vo, E) into a vertex-disjoint union of complete
bipartite subgraphs; in other words, in a final solution, each connected component is a biclique
[Sousa Filho et al., 2017].

The two proximity metrics (objects) and their respective homogeneity index (partition)
can be used as input for these models and in the evaluation of their formed solutions.

3. Intersection Clustering Model

The intersection clustering model has two main characteristics: (1) there is no measure
of proximity between objects in pairs, the measurement is made over the entire of objects in each
cluster and not as a composition of metrics; (2) clustering is guided by the number of resources that
all objects have simultaneously.

3.1. Intersection Clustering Problem

Let X = {1,2,..,n} be a set of n objects, L a set of resources shared between objects,
L; C L the set of resources used by objecti € X, P = {C1,Cq,..,C,,} a partition of X, and

re = [Mico, L -if1CH] >1
i 0 , otherwise

the intersection set of the resources used by the objects in a cluster C'x. The Intersection Clustering
Problem (ICP) aims to find a partition P of X such that the sets L¢, are distinct and the sum of
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their sizes is maximized. The problem can be formulated as follows [Galvao Jr., 2023] :

Maximize Z ILc, | (3)
k=1
s.a. U Cr =X, “4)
k=1
Ck 7& (Da Vk € {1,2, "'am}7 (5)
CyNC; =0, Vi, l e {1,2,...m}, k #1, (6)
L¢, # L, Vi, l e {1,2,...m}, k # 1 (7)

Restrictions (4), (5) and (6) that each object 7 € X belongs to exactly one cluster, and (7)
prohibits the appearance of two different clusters with identical intersections in P.

Figure 2(a) illustrates an example instance X = {1,2,3,4,5} for the ICP, with the sets
of resources L;. Figure 2(b) illustrates a partition P’ = {C1,C%} of X, where C) =1{2,3,4,5}
has only the resource b at its intersection, and C%, = {1}, due to being a singleton, does not have
resources at its intersection, thus, P’ contains only one resource. Figure 2(c) presents the optimal
partition of X, due to the movement of object 3 from CY to CY we get Jicf = {b,d} and Jicé/ =
{a, b}, increasing to four the resources at the intersections of P”.

e O 4
I,={(hcd} & @ G ot @

Zl = {aﬂ b: d}

Ly ={a,b,c} [b] [b,d]
L, ={b d} ¢ @ ¢ @ ®
Ls ={a,b} (a ? (b) [a,b] ()

Figure 2: Example solutions for the ICP. (a) List of resources L; of the objects of instance
X ={1,2,3,4,5}, (b) solution P’ of X and (c) optimal solution P"’ of X.

Average Silhouette Intersection index
To identify the homogeneity of a P solution for the ICP, we propose to define the similarity
relation between an object ¢ € X and a cluster C;, € P through the distance function

d(Z, Ck‘) = LZ U LCk \Ll N LCk ’

which quantifies the missing resources so that L; is equal to L¢, . Next, we propose an adaptation
of the silhouette index proposed by [Rousseeuw, 1987] for the ICP. To do so, consider s(7) as the
value of the silhouette of each object i € X, defined as in Equation (2), where a(i) = d(i, Cy,), the
distance from object i to the cluster C\,, C P it is contained in (i € Cy,), and b(i) = min{d(i,C}) |
Cy € P,Cy # Cy}, the smallest distance between i and all clusters C that ¢ is not contained in.
The divisor maxz{b(i), a(7)} of s(i) guarantees its value in the interval [—1, 41], indicating perfect
clustering when s(i) = +1 and imperfect clustering when s(i) = —1. If a(i) = b(i) = 0 then
s(i) = 0.
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Calculating the average of the silhouette values of the objects ¢ € X we have

1 .
Losi(P) = — - > s(i), ©)
1€X

which is the Average Silhouette Intersection index of partition P.

Analyzing the example partition P’ from Figure 2(b) we have that s(1) = —%, s(2) = %,
s(3) = 3, 5(4) = § and s(5) = 3,50 Iosi(P') = £ - § = +0.27. The partition P of Figure 2(c)
has s(1) = 0, s(2) = 4, 5(3) = 3, s(4) = 1 and s(5) = 1, obtaining I,s;(P") = £ - 3 = +0.6.
3.2. Theoretical aspects
Definition 1. The (intersection graph) is a directed graph G = (V, A), in which each vertexi € V

is associated to the object x; € X, the set of edges A = {(i,7) | i,j € V,i < j} represents the
intersection of resources between x; and x ;. The edges are weighted by

|L; N Lj| Jift < g
0 L ifi=7.
Figure 3 shows the intersection graph G associated with the input (X, L;) illustrated

in Figure 2(a). All edges of G are present, therefore, all objects of X have some intersection of
resources between them. As an example, objects 2 and 3 have wo 3 = |Lo N L3| = [{b,c}| = 2.

wij =

Figure 3: Intersection graph G of (X, f/i).

In [Galvao Jr., 2023] the following propositions for the ICP are proved:
Proposition 1. /CP is NP-Complete.

Proposition 2. Let (X, L) be an instance for the ICP, there is at least a optimal partitioning P* of
X with at most two objects in each part.

4. Pairwise Model for ICP
The partition formed by the Pairwise Model consists of groups containing at most 2 ob-

jects, with the optimal solution guaranteed by Proposition 2. Let G = (V, A) be an incidence graph,
Ay ={(i,j) € A| v =ridorv = j} be the set of arcs in A that have v as an endpoint vertex, the
binary decision variable y;; = 1 indicating that vertices i and j form a part C' = {z;, z;} contained
in the solution P, and considering Proposition 2, we aim to find a partition P in the ICP that

Maximize Z Wi;Yij 9)
(i,5)eA
st. Yy <1, Yo eV, (10)
(1,) €Ay
Yij c {0, 1}, V(i,j) c A.
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The objective function (9) seeks to maximize the intersection of shared resources between
pairs of objects that compose P. The constraints (10) ensure that each vertex is in at most one
group of the partition P. Finally, every vertex v for which Z(i, fea, Yij = 0 or yyy = 1 should
be added to a unit group C' = {x,} in P without loss of optimality. Compared to the model pro-
posed in [Galvio Jr., 2023], the formulation of the present work has O(|X |?) variables and O(| X )
constraints, while the previous formulation has O(| X |?) variables and O(| X | x |L|) constraints.

Figure 4 illustrates an instance X = {1,292, 23,24} for the ICP through the resource
sets L; and solutions generated by the Pairwise Model. Figure 4(b) illustrates a partition P’ =
{C},Ch, 4} of X, where C = {3, 4}, defined by the variable y3 4 = 1, has only the resource ¢
in its intersection, so w3 4 = 1. The parts C% = {1} and C§ = {x2}, defined by y11 = y22 = 1,
form unitary groups and have no resources in their intersection, so P’ contains only one resource.
Figure 4(c) presents the optimal partition of X, because CY = {x1,x2}, formed by y; 2 = 1, has
Lcé/ = {c, d}, that is, w1,2 = 2, increasing the resources in the intersections of P" to three.

| |
- | =1 | Y3a=1
L, ={a,c, d} | , Y3z Y @ '
4|99 | Yo
L, ={b,c d} i o] i [b]
. | |
Ls; ={a,b,c} | yia=1| | y2=1]! Yiz =1
L, =1{b 4 @5 @)« @
4= (b} i ) ) i [c,d]

(a) (b) (c)

Figure 4: Solutions for the Pairwise Model. (a) Resources of the objects in the instance
X = {z1, 22, 23,24}, (b) solution P’ of X, and (c) optimal solution P of X .

5. Computational Results

The methods proposed by this work and those mentioned in Section 2 were implemented
in the C++ language, using the compiler g++ 5.4.0 (compile option -O2). All mathematical models
were solved with the solver IBM CPLEX version 12.9. All experiments were performed on a
computer with the following specifications: Intel Xeon E5-2650 v4 2.20 GHz, with 128GB of
RAM, and running the operating system Linux Ubuntu 16.04.

Initial studies were conducted on 315 artificial instances. Let X L(n, m, d) denote a ran-
dom instance with n objects in X, m resources in L, such that each relationship between an object
and a resource can independently exist with probability p. First, the subsets X and L are initialized
with n € [2,50] and m € {16, 21, 23, 30, 33, 35, 39} elements, respectively. Then, for each object
1 € X, a decision is made with probability p whether to add resource » € L to L;. Note that the

density of X L is defined as d = Liex L],

n-m

5.1. Comparison of ICP models

We will use the XL instances to compare the formulation described in Section 4 with
the exact strategies of ICP proposed in [Galvao Jr., 2023]. Initially, we compare the execution
time between the two formulations. In instances with |X| > 20, the original model did not find
optimality in any instance after a 1-hour time limit, whereas the Pairwise model solved all instances.
Both models were able to solve all instances with | X| < 20; however, the Pairwise model took an
average of ;1 = 5.26 ms to reach optimality, while the original model took i = 5,914.98 ms.
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One possible explanation for this speedup achieved by the Pairwise model lies in the
smaller number of variables and constraints in its formulation. We computed the number of vari-
ables and constraints generated by each model in the X L instances and presented the boxplot of
these values in Figure 5. As we can observe, the Pairwise model showed a lower number, both in the
median and in the range of values of the first and third quartiles for the number of variables and con-
straints. With respect to the number of variables, both models have the same asymptotic complexity,
however, the original model has 3 variables with complexity O(| X|?), compared to 1 variable in the
Pairwise model. Regarding the number of constraints, the Pairwise model is asymptotically better,
with O(|X|) constraints compared to O(]| X | x |L|) constraints in the original model.

Number of Variables Number of Constraints
60000 i
2500 8
50000 +
2000 A
40000 -
1500 4
° 30000
1000 4 o 20000 A
500 1 &l 10000 -
0 0+ —
Original Pairwise Original Pairwise

Figure 5: Boxplot of the number of variables and constraints in the original ICP model and the proposed
Pairwise model.

5.2. ICP versus literature models

In this study, we will use the X L instances to compare the Pairwise model of ICP with
other clustering models mapped to maximize the intersection of resources in the formed clusters.
For the Pairwise model, the X L instances do not require any treatment. For the CEP, p-CEP, and
p-median,. models, we provide a distance matrix computed between all objects 7,j € X using
theJaccard distance (Equation 1). For the BEP model, which takes as input the bipartite graph
G=WV,Vo,E),wemap V) = X, Vo = L,and E = {(3,j) | i € Xandj € L;}. As for
the p-mediang;s model, we provide a similarity matrix between the objects in X computed by the
similarity function 6(4, j) = |L; \ Lj|.

Table 1 presents the metrics for literature models and exact algorithms for ICP on XL
instances with 10 < | X| < 20. The column group Inst. describes the dimensions of each instance
with the columns |X|, |L|, and d, which represent the number of objects, resources, and density
of the instance, respectively. Each proposed algorithm has its specific column group. In each
group, the column I,,; presents the value of the Average Silhouette Intersection index for the found
partitioning (Section 3.1), the column Obj represents the value of the objective function (3), and t(s)
is the elapsed time for solving the instance in seconds. In the ICP Pairwise, CEP, and BEP column
sets, the column K indicates the number of clusters in their solution. The p-CEP, p-median;,., and
p-mediang;; models are non-automatic clustering where the number of clusters to be formed is an
input parameter. Therefore, the value of K obtained by ICP Pairwise was provided. A time limit of
1 hour was set for completing the execution in all instances, and the model that exceeded this time
limit in any instance is marked with TL in the t(s) column. For the I,5;, Obj, and t(s) columns, the
best value obtained for the instance among all models is marked in bold.
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Observing the values obtained by the models in the Obj column, we can see that the CEP
and BEP models, which are edge-editing automatic clustering models, achieved the lowest values of
resource intersection in their solution clusters, reaching on average 1.84% and 4% of the best-known
values, respectively. The p-median;,. and p-mediang;; models, which cluster their objects based on
proximity to the centroid of each cluster, improved the intersection of their solutions compared to
the edge-editing models, but still achieved an average 32.15% and 37.05% of the best-known values,
respectively. In the majority of instances, these four models obtained I,5; = 0.0 in their solutions.

The Pairwise model proposed for ICP was able to solve every instance. The p-CEP model
was able to solve only 8 instances within 1 hour of execution. However, considering its intermediate
solutions, it found 22 optimal solutions for ICP. In the 14 instances where p-CEP did not reach the
optimal value, there was a gap of 88.89%.

Analyzing the value of I,;, we can see that the Pairwise model found the best value in
only 22 instances, even though it found the optimal solution in all 36 instances. Looking at the
other 14 instances, we can observe that the best I,5; value was found either by the Pairwise model
or by p-CEP, but in all cases, the Obj value is the same. This means that there are multiple optimal
solutions equally evaluated by the objective function of ICP but evaluated differently by [,5;, which
takes into account the distance of each object to its nearest external cluster.

6. Final Considerations and Future Work

In this work we address the Intersection Clustering Problem, which aims to group ob-
jects according to their intersection of resources. In this sense, classical clustering models that use
concepts of such as distance matrix, similarity or graph editing fail to generate a partitioning that
maximizes the intersection of resources across their objects.

Starting from the proposition that there is an optimal partitioning for the ICP with up to
two objects in each part, the present work introduces the concept of intersection graph to represent
the connection between two objects and uses this concept to propose a new formulation for the ICP,
called Pairwise Model.

The experiments carried out on artificial instances revealed that the proposed model, com-
pared to a previous formulation, can obtain optimal solutions in considerably less time, including
being able to solve all tested instances within the time limit. At the same time, compared to classi-
cal clustering models, the proposed model showed, on average, better metrics, measured by [,;, in
grouping objects according to their intersection of resources.

Future work includes proposing meta-heuristics for ICP and exploring applications of this
clustering model in real problems, such as data classification.
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