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ABSTRACT
An Integer Linear Programming (ILP) model for the Single Line Planning Problem - a simplified

version of the Line Planning Problem - has been previously proposed in the literature. Although
this approach is able to easily find optimal solutions for small instances, it fails to scale. In this
work, we propose a method based on the Multi-Parent Biased Random Key Genetic Algorithm with
Implicit Path-Relinking (BRKGA-MP-IPR) metaheuristic and compare to the results obtained by
the ILP formulation. Our experiments revealed the BRKGA-MP-IPR is able to outperform the ILP
solution for large instances, indicating the two approaches to be complementary.
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1. Introduction
The importance of public transportation in the history of humankind is undeniable. Its development
has favored cities to attain the level of urbanization they have today; it aids people to commute to
work on a daily basis; it has “shortened” distances in a way that could not be thought of 200 years
ago. Its relevance nowadays is reassured by the fact that the number of trips carried out on public
transportation had an 18% increase between the years 2000 and 2015 [UITP, 2017]. Moreover,
public transport is the answer to several problems large cities face in the present day, such as traffic
congestion, air pollution, and energy consumption [Kepaptsoglou and Karlaftis, 2009]. Therefore,
it is important that public transit is adequately financed and planned in order to guarantee affordable
and efficient mobility to citizens.
Many approaches to automatize the process of public transit design have been proposed in the
literature. [Laporte et al., 2007] proposed a model based on linear programming to design networks
of rapid-transit modes - which are commonly segregated and independent of the street network. The
model is rather complex, taking into account travel demand, how this demand is distributed between
private and public transport, the decision of constructing both stations and alignments connecting
stations - as well as the costs of construction.
[Borndörfer et al., 2007] proposed a column-generation approach to network design tied to the
problem of finding the frequencies of each line (this combination is known as the line planning
problem) in order to satisfy a given travel demand. They detected two objectives: minimizing
operating costs for the company and minimizing traveling times for passengers.
[Bussieck et al., 2004] also investigated the line planning problem. They used both nonlinear and
mixed integer optimization to produce models for the problem and considered two objectives: min-
imizing operating costs and passenger convenience, which is modeled as a minimum for the fre-
quency.
[Ángel Marı́n and Jaramillo, 2009] presented a model for urban rapid transit network design, which
comprises of the location of stations and of the alignments between stations. The model aims at
maximizing travel demand supplied under cost constraints and it also takes into account that users
can choose their transportation modes and trips. As the model cannot be solved efficiently by
a Branch and Bound due to the large number of variables and constraints, algorithms based on
Benders decomposition were proposed.
[Zarrinmehr et al., 2016] proposed a multi-objective bi-level optimization model for the network
design problem. The model takes into consideration (maximizing) transit ridership, (minimizing)
agency operating cost, system performance and an elastic demand. The authors conceived a greedy
algorithm to solve the model.
[Beltrão and Usberti, 2020] proposed an Integer Linear Programming (ILP) formulation to model
the drafting of the itinerary of a single public transit network line, which they named the Single Line
Planning Problem (SLP) - a particularization of a problem that is usually referred in the literature as
the line planning problem. The ILP formulation maximizes the demand served, that is, the number
of trips carried out on the line.
In this work, we propose a solution using the BRKGA-MP-IPR metaheuristic to search for good
feasible solutions to the Single Line Planning Problem and compare those results to the ones ob-
tained by the ILP model, as presented in [Beltrão and Usberti, 2020], for the same instances used
in their work. In Section 3 we present the results obtained in the previous work and introduce those
obtained by our experiment with the BRKGA-MP-IPR metaheuristic, as well as discuss how the
methodologies seem to present complementary contributions depending on the type of instance.
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A fairly new method, BRKGA-MP-IPR has few applications reported in the literature. [Kum-
mer et al., 2022] used BRKGA-MP-IPR address the home health routing and scheduling prob-
lem. [Londe et al., 2021] studied the RSI allocation problem using exact and heuristic methods, the
BRKGA-MP-IPR being one of them. [Andrade et al., 2022] adapted the BRKGA-MP-IPR frame-
work to solve the physical cell identity assignment problem. In all cases, BRKGA-MP-IPR is used
in order to improve the scalability of optimization problems.

Our contribution The exact method proposed in [Beltrão and Usberti, 2020] struggles to solve
instances of 64 nodes and over when subjected to a tight budget constraint. We were successful in
developing a decoder for the BRKGA-MP-IPR metaheuristic in order to address this issue.

2. Proposed Solution
In this section, we explain the functioning of the metaheuristic of our choice and the specificities of
our solution to the problem.

2.1. The BRKGA-MP-IPR metaheuristic
BRKGA
Proposed in [Gonçalves and Resende, 2011], Biased Random-Key Genetic Algorithm or BRKGA is
an evolutionary metaheuristic. In this metaheuristic, a population of individuals is evolved accord-
ing to the principle of the survival of the fittest. Each individual is represented by a chromosome Q
with n genes; each gene is a rational number uniformly drawn from the interval [0,1]. A decoder
algorithm, which is specific to the problem being studied, is responsible to map a chromosome Q
to a solution S of the problem. BRKGA starts with an initial population of p randomly generated
individuals (chromosomes).
The metaheuristic then proceeds to repeat some steps for g iterations, which are named generations.
In a given generation ζ, the chromosomes are mapped into solutions, those being used to separate
the population into two different groups: elite and non-elite. The elite group holds the pe fittest
individuals, that is, the chromosomes that map to the pe best solutions - which are passed on to
generation ζ + 1; the non-elite group is comprised by the remaining individuals of the population,
including pm randomly generated individuals, named mutants. The other p− (pe+ pm) individuals
are generated through crossover, which produces a new individual by sampling genes from two in-
dividuals of generation ζ − 1, called parents; those are drawn randomly from the elite and non-elite
groups, one from each. A gene r for the new chromosome is chosen from the elite parent with prob-
ability ρe. After g generations, BRKGA returns the best chromosome Q∗ and the corresponding
solution S∗.

BRKGA With Multiple Parents
Proposed by [Lucena et al., 2014], Multi-Parent Biased Random-Key Genetic Algorithm or BRKGA-
MP is a variation of the BRKGA metaheuristic in which more than two parents are used to generate
a new offspring.

Path-Relinking
The idea behind the Path-Relinking approach is to explore the neighborhood of the path between
two feasible solutions. Two feasible solutions - a base and a guide solution - are sampled from
the pool of known feasible solutions. These solutions need to have a minimum value of different
components between them; such value is fixed beforehand. Then a component of the base solution
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is selected and replaced with a component from the guide solution. This process is repeated until
all components of the base solution have been substituted by components from the guide solution.
All the intermediate solutions are evaluated and the best one is returned [Glover et al., 2000].
The drawback of this approach is that it is strongly dependent of the specific problem at hand. The
use of Path-Relinkig combined with BRKGA was first proposed in [Ribeiro et al., 2021].

Implicit Path-Relinking
[Andrade et al., 2021] proposed a variation to the Path-Relinking strategy, which they named Im-
plicit Path-Relinking. This variation takes advantage of the already implemented chromosome
decoder. Two different versions of Implicit Path-Relinking were proposed, Direct Implicit Path-
Relinking and Permutation-Based Implicit Path-Relinking. For this work, we are interestered in the
latter.

Permutation-Based Implicit Path-Relinking
Crafted to address problems where the order of the genes in the chromosome are used by the decoder
to create a solution, in this this version of Implicit Path-Relinking, instead of exchanging keys
between the base and guide solutions, we use the permutation from the guide solution to switch the
keys of the base solution in such a way that they induce the same “sub-permutation” on the base
solution [Andrade et al., 2021].

2.2. Our Decoder
We consider the chromosome to be ordered. Each gene represents a node of the network, according
to its position in the chromosome. The first gene represents node 1, the second gene represents
node 2, and so forth, up to gene n representing node n, where n is both the number of genes in the
chromosome and of nodes in the network. Each gene has an associated value named key; we use
those to build a path that is a valid solution to the SLP problem.
We start by adding to the path the node represented by the gene with the lowest key. Let’s call this
node v. We continue building the path by adding to it the node among its neighbors with the lowest
key. Let’s call it u. We keep growing the path by adding the node among the union of neighbors
of v and u that has the smallest key value. Let’s call this one w. Note that if the path we have so
far is (u, v) and w is a neighbor of v, the path resulting of the addition of w is the path (u, v, w);
otherwise, the resulting path is (w, u, v). If w is neighbor to both v and u, we add w to the beginning
of the path by default - as we did when adding u to the path.
Generally speaking, given a path p = (v1, v2, ..., vn), we search among the neighbors of v1 and vn
for the node with the smallest key, let us call it z; z is added to p only if the cost of the resulting
path does not surpasses the budget, and we do so according to the following rules:
1) if z is neighbor of v1, we add it at the begging of the path, regardless of z also being a neighbor
of vn or not;
2) if z is only neighbor of vn, we add z at the end of the path.

3. Experiments
3.1. Computational Environment
All experiments were conducted on a headless machine with two Intel Xeon CPU E5-2630 v4
2.20GHz processors, with 10 cores each, running Ubuntu 18.04.3 - the same computational speci-
fications used in [Beltrão and Usberti, 2020]; the experiments were developed in Python 3.7, using
BRKGA-MP-IPR tools implemented in a module named brkga-mp-ipr [Andrade et al., 2021].
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3.2. Instances
For these experiments we worked with the same instances used in [Beltrão and Usberti, 2020].
Twenty different grids of varying sizes and densities were created. Costs of edges and values of the
OD matrix were generated using uniform distributions.

3.3. Parameters
For our experiments we used the following BRKGA-MP-IPR parameters

• population size: 2000

• number of independent populations: 3

• mutant percentage in population: 15%

• elite percentage in population: 30%

• number of elite chromosomes exchanged from each population: 2

• interval at which elite chromosomes are exchanged: 200 seconds

• number of parents to mate: 3

• number of elite parents: 2

• bias function to be used to rank the parents: inverse logarithm

• minimum distance between chromosomes to path-relink: 0.15

• stop criteria: time limit (10 minutes)

Note that the time limit of our experiments is the same used in [Beltrão and Usberti, 2020].

4. Results and Discussion
In Tables 1, 2 and 3, we reproduce the results obtained by [Beltrão and Usberti, 2020] and present
the ones from our experiments with BRKGA-MP-IPR, as described in Section 3.
Taking a closer look at Table 1, one can observe that for smaller networks - the networks with 16
and 36 nodes - the BRKGA-MP-IPR approach underperforms the exact method; that is, while the
solver for the exact method is able to find the optimal solution, the best solution the metaheuristic
obtains is far apart from the optimal one. For the large networks with low density - 20%, 40% and
60%, and 20% and 40% for networks with 64 and 100 nodes, respectively - BRKGA-MP-IPR also
was outperformed by the model. However, for the remaining networks, for which the exact method
is not able to find the optimal solution - only lower and upper bounds - during the time limit, the
BRKGA-MP-IPR method is able to decrease the gap between those bounds. More precisely, in the
case of the 100-node network with 100% density, our heuristic is responsible for defining a lower
bound, as the solver was not able to do so within the time limit imposed in the original work.
In Figure 1, we summarize that information by computing the gap between the best feasible solution
found by the BRKGA-MP-IPR heuristic and the lower bound found by the exact method - if found
- for all networks, under the 25% budget constraint. Figures 2 and 3 do the same for the other two
budget constraints. Bars below the x-axis indicate that the BRKGA-MP-IPR has done worse than
the exact method; bars above it mean the metaheuristic was able to achieve better results than the
solver.
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Number
of nodes

Results
Density

20% 40% 60% 80% 100%

16
LB
UB

BRKGA-MP-IPR

605
605
322

782
782
547

1,926
1,926
1,404

2,190
2,190
2,190

3,799
3,799
3,754

36
LB
UB

BRKGA-MP-IPR

970
970
472

3,767
3,767
2,845

8,088
8,088
7,099

11,588
11,588
11,588

18,581
22,326
18,357

64
LB
UB

BRKGA-MP-IPR

2,391
2,391
1,827

3,002
3,002
2,351

23,647
23,647
21,351

37,720
60,509
38,033

54,944
96,674
56,207

100
LB
UB

BRKGA-MP-IPR

1,810
1,810
1,400

18,009
18,009
16,521

46,400
95,376
47,784

86,599
180,947
90,151

-
266,298
135,451

Table 1: Test results for a budget constraint of 25% of the total cost of the network.
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Figure 1: Gap between best feasible solutions of model and BRKGA-MP-IPR, subjected to the 25% budget
constraint.

Number
of nodes

Results
Density

20% 40% 60% 80% 100%

16
LB
UB

BRKGA-MP-IPR

984
984
716

2,379
2,379
1,861

4,420
4,420
3,459

6,911
6,911
6,911

10,459
10,459
10,459

36
LB
UB

BRKGA-MP-IPR

1,375
1,375
804

5,956
5,956
4,940

20,839
20,839
18,885

42,829
42,829
36,536

58,575
58,575
55,708

64
LB
UB

BRKGA-MP-IPR

3,133
3,133
2,497

3,002
3,002
2,351

55,835
55,835
52,257

127,169
137,879
121,844

200,134
205,621
181,094

100
LB
UB

BRKGA-MP-IPR

1,810
1,810
1,400

18,009
18,009
16,532

116,812
242,190
115,055

320,725
372,483
275,214

125,342
501,178
414,478

Table 2: Test results for a budget constraint of 50% of the total cost of the network.
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Figure 2: Gap between best feasible solutions of model and BRKGA-MP-IPR, subjected to the 50% budget
constraint.

For the 100-node network with 100% density subjected to a budget constraint of 50% of the total
network cost, BRKGA-MP-IPR is also able to decrease the gap, very significantly in this case (see
Table 2 and Figure 2).
For the 75% budget constraint, the BRKGA-MP-IPR approach was outperformed in every scenario.
However, it is likely that, for larger instances than the ones used in this work, the solver would
struggle to find solutions.
This behavior can be explained by the fact the model can easily solve the problem for small in-
stances and “loose” budget constraints. The solver starts struggling as we decrease the budget limit
and increase the size of the networks - by either nodes or edges. In those cases, the exact method
is not able to find an optimal solution within the time limit, only accomplishing to find upper and
lower bounds - except for the network with 100 nodes and 100% density subjected to a budget con-

Number
of nodes

Results
Density

20% 40% 60% 80% 100%

16
LB
UB

BRKGA-MP-IPR

984
984
716

2,379
2,379
1,861

4,974
4,974
3,986

11,926
11,926
11,796

13,342
13,342
13,342

36
LB
UB

BRKGA-MP-IPR

1,375
1,375
804

5,956
5,956
4,940

22,659
22,659
20,670

62,037
62,037
62,037

65,277
65,277
65,277

64
LB
UB

BRKGA-MP-IPR

3,133
3,133
2,497

3,002
3,002
2,351

55,835
55,835
52,257

192,993
192,993
175,319

206,005
206,005
199,784

100
LB
UB

BRKGA-MP-IPR

1,810
1,810
1,400

18,009
18,009
16,532

125,121
125,121
115,055

427,150
444,717
313,025

501,178
501,178
416,069

Table 3: Test results for a budget constraint of 75% of the total cost of the network.
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Figure 3: Gap between best feasible solutions of model and BRKGA-MP-IPR, subjected to the 75% budget
constraint.

straint of 25% of the cost of the network, for which no lower bound was found.

5. Final Remarks and Future Work
By comparing our results with those obtained by [Beltrão and Usberti, 2020], we could observe that
the two approaches seem to be complementary. While the exact method succeeds in finding optimal
solutions for small instances or large budget limits, it struggles to scale as the instances increase
and the budget limit decrease. On the other hand, the heuristic approach produces non-competitive
results for small instances while it manages to provide better solutions than the model for large
instances.
In future works, we would like to conduct experiments with larger instances in order to confirm our
hypothesis that the two methods in fact complement each other. We would also like to experiment
with local search and alternative decoder functions seeking the improvement of the results obtained
by the BRKGA-MP-IPR metaheuristic. Additionally, we would like to test providing the solutions
obtained heuristically as a warm start for the solver and observe how it impacts its performance.
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