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. . ABSTRACT ) . .
In the Minimum Weight ¢-Spanner Tree Problem, whose input is a triplet (G, w,t),

where G = (V, E) is a simple graph, w : E — R™ is an edge weighting function and ¢ > 1 is
a parameter, called the dilatation factor, the objective consists in determining a spanning tree 7" of
G of minimum weight among those where the path between each pair of vertices ¢ and j in tree T’
has weight at most ¢ times the minimum weight of a path between ¢ and j in G. It is known that
determining a Minimum Weight ¢-Spanner Tree is an NP-hard problem even on the unit costs case.
In this work, we propose an enumerative algorithm to solve this problem. It is the first one that does
not depend on solving mathematical programs. We implemented the algorithm and compared the
computational performance with the most efficient formulation from the literature.

KEYWORDS. Minimum Weight ¢-Spanner Tree. Enumerative Algorithm. Spanning Tree.

Topics : Combinatorial Optimization, Theory and Algorithms in Graphs, Mathematical Pro-
gramming.

RESUMO | . .
No problema da arvore t-expansora de peso minimo, cuja entrada é uma tripla (G, w, t),

onde G = (V, E) é um grafo simples, w : E — R* é uma fungdo de ponderagio das arestase t > 1
€ um parametro, chamado fator de dilatacdo, o objetivo consiste em determinar uma arvore geradora
T de peso minimo entre aquelas onde o peso do caminho entre cada par de vértices ¢ e j em 1" é no
maximo ¢ vezes o peso de um caminho minimo entre ¢ ¢ j em (G. Sabe-se que determinar uma arvore
t-expansora de peso minimo é um problema NP-Dificil mesmo no caso de pesos unitirios. Neste
trabalho, propomos um algoritmo enumerativo para resolver esse problema. Ele € o primeiro a ndo
depender da resolucdo de formulac¢do de programacido matemadtica. Implementamos o algoritmo e
comparamos seu desempenho computacional com a formula¢do mais eficiente da literatura.
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1. Introduction

Let G = (V, E) be a simple graph, where V' is the vertex set, and E is the edge set. A
subgraph H = (V’, E’) of G is another graph whose vertices and edges are subsets of the vertices
and edges of G. The subgraph H is called a spanning graph if V/ = V, and, if connected and
acyclic, H is called a spanning tree of G. When we have a weighting function w : £ — R, that
assigns a real value to each edge e € F(G), we say that G is a weighted graph. In this case, the
weight (or cost) of the graph is the sum of the weights of its edges. The distance dist¢(i, j) between
two vertices 7, j € V(G) is the mininum weight of a path in G between ¢ and j.

Given a triple (G, w,t), where (G, w) is a graph with non-negative edge weights, and
t > 1is areal number, called dilatation factor, a t-spanner of G is a spanning subgraph H such that

disty (i, §) < t = distg(i, §), Vi, j € V(G) (1)

It can be shown that it is enough to require condition (1) for {7, j} € E(G) [Cai and Coneil, 1995].

Spanner subgraphs problems with predetermined features appear in various scenarios such
as distributed computing, [Awerbuch, 1985; Peleg and Ullman, 1989], communication network [Pe-
leg and Upfal, 1988; Peleg and Reshef, 1999; Oliveira and Pardalos, 2005], location and distribu-
tion [Goldschmidt et al., 1996], robotic [Marble and Bekris, 2011b; Arikati et al., 1996; Marble
and Bekris, 2011a] and bioinformatics [Nguyen et al., 2008]. In this work, we focus on one of the
problems about spanner subgraphs: the Minimum Weight ¢-Spanner Tree Problem (MWtSTP).

The MWISTP is the composition of two optimization problems: the minimum spanning
tree problem (MST) and minimum ¢-spanner problem (MtST). Given the triple (G, w, t), it consists
in determining a t-spanner of G that is a tree, if any, with minimum weight. Figures 1, 2(a) and
2(b) illustrate, respectively, an input graph (G, a minimum ¢-spanner tree for ¢ = 3 and a minimum
spanning tree. The number close to each edge represents its weight. When w, = 1, for every
e € E(G), any spanning tree will have a weight of |V (G)| — 1. So the optimization problem
becomes a decision problem, in which we want to determine whether G admits a ¢-spanner tree or
not. In this case, we will denote the problem as ¢-spanner tree problem (tSTP).

Figure 1: Graph G, t = 3

2/2\2 2 2

Figure 2: Spanning Trees
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(a) Minimum weight ¢-spanner tree (b) Minimum Spanning Tree

In the unit weights case, tSTP is N P-complete for ¢ > 4 [Brandstadt et al., 2004; Dragan
etal.,2011]. When ¢t = 1 the problem becomes trivial, since G admits a 1-spanner tree, if, and only
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if, G is a tree [Cai and Coneil, 1995]. For ¢ = 2, the problem of checking whether G has a ¢t-spanner
tree is also polynomial [Cai, 1992; Cai and Coneil, 1995]. For ¢ = 3, the complexity is still open.

When the graph weights are arbitrary, we speak of MWtSTP. Since tSTP instances are a
subset of MWtSTP instances, N P-complete cases for the former translate into N P-complete cases
for the latter. Furthermore, for ¢ > 1 fixed, checking whether there is a t-spanner tree in a weighted
graph is an N P-complete problem [Cai and Coneil, 1995].

The Minimum Weight ¢{-Spanner Tree Problem has been extensively explored for the case
with unit weights (tSTP). For instance, polynomial algorithms for tSTP on some classes of graphs,
for a fixed dilatation factor, are known [e.g. Cai, 1992; Madanlal et al., 1996; Fekete and Kremer,
2001; Narayanaswamy and Ramakrishna, 2015; Venkatesan et al., 1997; Papoutsakis, 2018; Brand-
stadt et al., 1999, 2004; Papoutsakis, 2014]. On the other hand, there are still few studies for the case
with arbitrary weights, particularly when it comes to mathematical programming. In the literature
of MWtSTP, we found only one exact algorithm and two mathematical formulations [Braga, 2019].

In this work, we introduce an algorithm that determines a minimum weight ¢-spanner tree
of G or shows that there is no such tree. The algorithm is based on an enumerative branch-and-
prune procedure, in which each subproblem is solved as a minimum spanning tree problem, through
an adaptation of the Kruskal Algorithm [Kruskal, 1956]. We will denote by MWtST* and MST* an
optimal solution of MWtSTP and MST, respectively. In the next section we formally describe the
enumerative algorithm.

2. Enumerative Algorithm

Let (G, w,t) be an instance of MWtSTP. Note that the weight of an MST* is a lower
bound for an MWtST#*, since any MWtST* is a feasiable solution for MST. Besides, if an MST* of
G is a t-spanner, then it will itself be an MWtST*. Otherwise, it means that some constraint (1) is
violated, that is, there is a path in this MST*, between some vertices ¢ and j, whose weight is greater
than ¢ x distg (i, 7). In general, a path P is said to be ¢-infeasible if distp (i, j) > t x dista(3, 7).

Following this observation, the key idea of our algorithm is to enumerate spanning trees of
G and, given a spanning tree 7' that is not a t-spanner, to prevent an ¢, j-path of 7" that is ¢-infeasible.
For example, considering the MWtSTP instance shown in Figure 3(c), the path P = (1,3,4,2) in
Figure 3(d) is 3-infeasible, since distp(1,2) =9 > 6 = 3 x distg(1,2).

(c) Graph G,t =3 (d) 3-infeasible path between 1 and 2

Figure 3: Illustration of ¢-infeasible path.

The algorithm starts by finding an MST*. If it is a ¢-spanner, the procedure stops returning
MStST* = MST*. Otherwise, we select a t-infeasible path in MST* and partition the problem into
new subproblems. In each subproblem, we prohibit an edge of the ¢-infeasible path. In the following
section, we will see in detail how the branching process occurs.
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2.1. Branching Procedure

Let P = (v1,v2,...,0k, Vgt+1), K > 1, be an t-infeasible path. Therefore, the edges
e; = {vi,vi11}, fori = 1,..., k, cannot be selected simultaneously to compose a ¢-spanner tree,
that is, at most £ — 1 of these edges belong to a ¢-spanner tree. We are going to partition the
feasible set into k disjoint subsets. In the ¢-th subset, edge e; is prohibited, and edges ey, ..., e;—1
are mandatory. The best solution, if any, of the subproblems defined by these subsets is a solution
to the original problem. This partitioning can be applied recursively, thus generating a tree. It is
worth mentioning that this branching strategy has already been used in the literature, e.g. for the
asymmetric capacitated vehicle routing problem [Batsyn et al., 2013] and the degree constrained
minimum spanning tree problem [Andrade and Freitas, 2013].

Formally, let S = (G, FE, PE) be a node in the search tree, where F'FE C E(G) and
PE C E(QG) are the subsets of fixed and prohibited edges on that node, respectively. We denote
by MST(.S) the problem of determining a minimum spanning tree of G \ PFE containing FE. If
it exists, let 7" be a solution to this problem. If it satisfies (1), 7" is an optimal ¢-spanner tree for
MWISTP restricted to S. Otherwise, let P = (v1,v9, ..., Vg, Uk+1) be a t-infeasible path in T,
and e; = {v;,vi41}, for i = 1,2,... k. In this case, S will be branched into k£ subproblems,
S; = (G,FE;, PE;), fori € {1,2,....k}, where FE; = FE, PE; = PEU{e1}, and FE; =
FEU{ei,...,ei1}, PE; = PEU{e;}, for 2 <i < k. See Figure 4.

Figure 4: Branching on Path P = (v1, v, ..., Uk, Vk+1), With e; = {v;, vi41}

FEU {61, 62}
PEU {63}

Note that any spanning tree containing P (in particular T") is not feasible for each MST(.S;)
subproblem, as it prohibits edge ¢; € F(P). In addition, any spanning tree of G \ AP containing
AF is feasible for one of these subproblems, except for those containing P. In fact, consider a tree
T* that is feasible for MST(,S) and does not contain all of the edges of P. Let e, be the first edge
of P that is not in 7, and therefore {e,...,e._1} C E(T™). Since T™ is a feasible solution of
MST(S), we have FE C E(T*) and PE N E(T*) = (). So T* is feasible for S, since all edges
of FE. = FEU/{ey,...e.—1} arein E(T*), and every edge of PE, = AP U {e.} is missing. In
other words, at each branch we only prohibit the presence of infeasible paths in the solution, which
implies that the solution to the original problem is contained in a of these subproblems. As each of
them is a more restricted version of the original problem, with a set of fixed or prohibited edges,
eventually, we will find, if it exists, a solution that does not contain ¢-infeasible paths, that is, a
t-spanner tree.
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Given a solution to a subproblem MST(S), we can have several t-infeasible paths, all
of them are candidates for branching. We will select, among them, the one that has the lowest
cost. This leads us to have fewer branches at a node. For example, consider a graph G where
diste(1,5) = 4 and diste(3,5) = 2, and a dilatation factor ¢ = 3. Suppose that the solution
tree for a given subproblem contains the path shown in Figure 5. Note that this path as well as the
subpath between 3 and 5 are 3-infeasible. In Figures 6 and 7, we present a possible branching at
this solution corresponding to each of these two paths. Note that the branching relative to the path
(3,4,5) is prohibiting, in addition to it, the path (1,2, 3,4,5), since the edges of the former are a
subset of the edges of latter. Besides, the number of generated subproblems is smaller, due to the
fact that the number of edges of the path (3,4, 5) is strictly smaller. So, we will select one of the
t-infeasible paths with the least weight to generate the branching.

Figure 5: t-infeasible paths to branch

Figure 6: Branching on path 1-5

FEU{1,2},{2,3},{3,4}
PEU{4,5}

Figure 7: Branching on path 3-5

FEU{3,4}
PE U {4,5}

A pseudocode of the branching procedure can be found in Algorithm 1. The branch-and-
bound tree is stored in a stack, B&BT'ree, so the enumeration follows a backtracking process.
Each node in the tree stores, in addition to S = (G, FE, PE), the value of a lower bound for the
subproblem restricted to .S, to be given by the optimum of MST(.S), that is, by the minimum weight
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of a spanning tree of G\ PFE containing F'E. When creating the node, this lower bound is initialized
with that of the parent node.

Algorithm 1 Branch (B&BTree, T*)

1: {e1,e2,..., e} <+ argmin jev(q),p,er-{w(Pij) 1 w(Piy) > t x distg (i, j)}

2: (G,FE,PE,w) < B&BTree[Size(B&BTree)]

3: Pop Back B&BT'ree

4 FE*+ FE

5: for i < 1to k do

6: PE*+ PEU/{e;}
7. forj<1toi—1do
8
9

FE* + FE*U{e;}

: end for
10 for ¢ € E(G)\FE* do
11: if ¢/ U FE* is cyclic then
12: PE* + PE*U¢
13: end if

14:  end for

15:  Push Back (G, FE*, PE*, w(T*)) in B&BTree
16: end for

17: Return

2.2. Subproblems solving

To solve each MST(.S) subproblem, we will adapt the Kruskal Algorithm [Kruskal, 1956],
a classical algorithm to determine a minimum spanning tree of a graph. Note that MST(G, (), )
corresponds to MST in G. In general, Kruskal’s algorithm receives a weighted connected graph
G = (V, E,w) and an ordering E* = (e}, €3, ..., eTE(G)‘) of its edge set, where w(e;) < w(ej, ),
fori € {1,...,|E(G)| — 1}. It starts with a spanning subgraph 7' = (V(G), ), with no edges.
At each iteration ¢, from 1 to |E(G)|, if adding edge ¢! does not generate a cycle in 7', then it will
be indeed included in E(T'); in other words, if (V(G), E(T') U {e}}) is acyclic, then E(T) <
E(T) U {ef}. It stops when |E(T)| = |V| — 1. We will adapt the algorithm to solve a given
subproblem MST(S), with S = (G, FE, PE). See Algorithm 2. As for set PE, let’s just assume
that its edges do not “exist” in the algorithm’s input graph, that is, let’s ignore each edge in PE at
step 4 of the algorithm. On the other hand, the edges in F'E will be pre-selected for T', as shows
step 1, and then ignored in step 4, just as done with PFE.

The weight w(T") of the spanning tree 7" returned by Algorithm 2 is a lower bound of the
current node and should be stored. However, as we are going to branch this node immediately, this
will not be necessary.

2.3. Pruning Procedure

After solving a subproblem, we extract some information from the solution. The lowest
of all (relaxed) solution costs for the subproblems solved so far gives a lower bound for the cost
of MWtST#*. On the other hand, the lowest cost of these solutions that are ¢-spanner trees gives an
upper bound for the optimum of the problem. Based on this information, we can ignore subproblems
such that the best solution it can generate for MWtSTP is greater than a feasible solution found so
far. Next, we will present the pruning criteria for a given subproblem S = (G, F'E, PE) of the
enumerative algorithm. The pseudocode of the pruning procedure is showed in Algorithm 3.
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Algorithm 2 Modified Kruskal (S=(G, FE, PE), E*)
1. T+ (V(G),FE)
2: 141
while |[E(T')| < |V(G)| —1and ¢ < |E*| do
if (V(G),E(T)U{ef})is acyclic, ef ¢ FE and ef ¢ PE then
E(T) « E(T) U{e}}
end if
1—1+1
end while
: Return T’

19N

D e A A

Algorithm 3 Prune (B&BTree, T*, PE,UB,Topr)

1: if T is t-spanner tree then

2. ifw(T*) < UB then
UB «+ w(T™)
Topr < T*

end if

Pop back B&BT'ree

Return 1
end if
if w(T*) > UB then
10:  Pop back B&BTree
11:  Return 1
12: end if
13: foralli,j € V(G) do
14: if dlSt(V,E\PE) (Z,j) > dZStG(’L,j) then
15: Pop back B&BT'ree
16: Return 1
17:  end if
18: end for
19: Return 0

D A

Optimality Pruning If the current MST(S) subproblem solution 7™ is a ¢-spanner tree, i.e.
distr«(u,v) < t * distg(u,v), for every {u,v} € E(G), then T* is optimum for MWtSTP re-
stricted to S and feasible for MW(STP on G. In this case, we prune the subproblem by optimality.
In addition, if the cost of 7™ is the best ever found for a feasible solution, we update the upper bound
U B for the optimal solution to w(7™). See steps 1-8 of Algorithm 3.

Bound Pruning If the solution cost of MST(SS) is greater than or equal to the upper bound U B
of the optimal solution, we can prune the subproblem by bound, as the best solution that it could
generate would have could cost at least U B, the value of a feasible solution already known. See
steps 9—12 of Algorithm 3.

Infeasibility Pruning If there are two vertices i and j such that dist (v g\ pg) (4, j) > txdistg(i, j),
then we can prune the current subproblem by infeasibility, since the minimum path between ¢ and
j in the subproblem’s input graph already violates constraint (1). This pruning corresponds to steps
13-18 of Algorithm 3.
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3. Pseudocode of EA

Now we will combine the procedures seen above to define our enumerative algorithm, to
be denoted EA. A pseudocode is presented in Algorithm 4. As anticipated, we will store search
tree in a stack, which we will call B&BT'ree. This implies that the last stacked subproblem will
be the first to be solved. Each i element in the B& BT ree stack will store the fixed (F'E) and
prohibited (P E) edges in that node, as well as a lower bound (w)for the solution of this subproblem.
LB and UB will store the lower and upper bounds for MWtST*, respectively. Note that LB =
Min; <;<size(B&BTree) W(i). The algorithm stops when B& BT'ree becomes empty, which means
that the solution space was fully explored, unless for pruned subproblems, or by an eventual equality
between the lower and upper bounds, which guarantees optimality.

Algorithm 4 Enumerative Algorithm (G, t)
1: Stack B&BTree + ()
E* < Sorting E(G) by increasing weights
T < Modified Kruskal (G, 0,0, E*)
if T is t-spanner then
Return T
end if
Push Back (G,0,0,w(T)) in B&BTree
UB «+ |V(G)| * max; jyep(c){wi;}
T« 0
LB+ 0
: while Size(B&BTree)>0e LB < UB do
Branch (B&BTree, T')
j « Size(B&BT'ree)
14: LB + mini<i<jw(B&BTree[i))
15: T < Modified Kruskal (G, FE(B&BT'reelj]), PE(B&BTreelj]), E*)
16:  while Prune (B&BT'ree, T, PE(B&BTree[j]), UB, T*)=1and j >0 do

D A A

—_— = =
w NN = O

17: LB + mini<i<jw(B&BTreeli])
18: j+—g7—1
19: T < Modified Kruskal (G, F E(B&BTree[j]), PE(B&BT'reelj]), E*)

20:  end while
21: end while
22: Return T*

4. Computational Results

4.1. Instances

A unique set of (randomly generated) instances has been used for computational experi-
ments with MWtSTP solving methods [Braga, 2019]. Unfortunately, it is no longer accessible. So,
we generated new instances using the procedure described in Braga [2019]. To generate each graph,
we use two input parameters: the number of vertices n € N*; and a probability p € [0, 1] for the
edge occurrence. As for the weighting of the edges, we considered two cases: unit weights (tSTP)
and random weights (MWtSTP). Note that the problem is N P-Hard in both cases. The ranges used
each parameter are:

* Number of vertices: n € {15, 30,45,60}.
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* Edge occurrence probability: p € {0.2,0.5,0.8,1}.
* Dilatation factor: t € {1.1,2,3,4}.
* Edge Weighting:

— Unit weights (w. = 1, forall e € E(Q)).
— Arbitrary weights (for all e € E(G), w. € {1.2,4,8,16} with equal probability)

Let n, p and ¢ be fixed. To ensure connectivity, we start the instance graph as a tree with n
vertices. The edges of this tree are sequentially selected at random with equal probability for each
remaining pair or vertices that does not form a cycle with the edges already chosen. Then, for every
pair {i,j} € V(G) that does not form a cycle with graph created so far, we generate a random
number p’ € [0,1]. If p’ < p, we add the edge {7, j} to the graph. Note that the higher this factor
p, the greater the number of edges of the graph, which is directly reflected in its density. At this
point, we have already generated an instance for the decision version of the problem (tSTP). If the
instance is weighted, for each edge {i,j} € E(G), we randomly select a weight from the elements
of the set {1,2,4,8,16}, each with the same choice probability.

4.2. Experiments

The enumerative algorithm (EA) was implemented in programming language C++. The
experiments were carried out on a machine with an Intel ® Core™ i7-7700 CPU with 3.60 GHz,
32 GB RAM and operational system Ubuntu. The time limit set for resolving each instance was
1200 seconds (20 minutes).

We have run EA and the MTZ Formulation (CR) proposed in Braga [2019] on the gener-
ated instances. Actually, we have implemented a strengthened version of CR with smaller big-M
values (see Sousa [2021] for details). Table 1 compares the obtained results. Columns ‘Id’, ‘n’,
‘P’ and ‘t’ present the instance parameters: identification number, number of vertices of the graph,
probability of edge occurrence, dilatation factor. For each combination of solving method (EA or
CR) and problem version (MWtSTP or tSTP), we show two columns named ‘Time’ and ‘Status’
that respectively presents the computational time (in seconds) and the final method result (the opti-
mum value, ’inf’ to indicates that the instance is infeasible, or ’?’ to mark that the algorithm could
not prove optimality or infeasiblity within the time limit). In the last row (‘solved’), we compute
the percentage of solved instances and the average time for these instances.

We can observe that the algorithm demanded more computational time, on average, for
instances with unit weights in comparison to those with arbitrary weights. In the former, the time
limit was reached already for a graph with 15 vertices. In the latter, this occurrence starts for graphs
with 30 vertices. Besides, in the second group, a higher percentage of instances was solved (70.32%
%X 65.68%) in a much smaller time (2.73s x 26.36s). It is worth remarking, however, that there were
instances defined by the same parameters that EA could solve for unit weights but not for arbitrary
weights, e.g. the instances with n = 60, p = 1 and t = {2, 3,4}. Regarding the dilation factor, its
variation also influenced the performance of the algorithm. For both the weighted and unweighted
cases, we observed that most of the instances where the algorithm timed out had ¢ € {3.4}. For
t = 2 and, mainly, ¢ = 1.1, it runs faster. Actually, for ¢ < 2 the problem is polynomial in the
unweighted case (although EA does not explore this fact).

When compared to formulation CR, the algorithm solved a smaller number of instances in
the time limit — 65.68% X 76.57% for unit weights, and 70.72% x 92.19% for arbitrary weights. On
the other hand, the average time demanded by EA for the solved instances was considerably smaller
than the formulation time — 26.36s x 74.92s for unit weights, and 2.73s x 22.14s for arbitrary
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Table 1: Computational results for the studied instances

Unit Weights Arbitrary Weights
Id|n|p t Time CR Status CR Time EA Status EA | Time CR Status CR Time EA Status EA
1]15(0,2 1,1 0 inf 0 inf 0 inf 0 inf
2 (15]0,2 2 0 inf 0 inf 0 inf 0 inf
3115]0,2 3 1 inf 0 inf 0 45 0 45
4 115(0,2 4 0 inf 0 inf 0 inf 0 inf
5115]0,5 1,1 0 inf 0 inf 0 inf 0 inf
6 115(0,5 2 0 inf 1 inf 0 inf 0 inf
7 115|105 3 0 inf 1105 inf 0 25 0 25
8 11510,5 4 0 14 0 14 0 19 0 19
9115(0,8 1,1 0 inf 0 inf 0 inf 0 inf
10| 15/0.8 2 0 14 1200 ? 0 inf 0 inf
11/15]0,8 3 3 14 0 14 1 inf 0 inf
12115]0,8 4 0 14 0 14 0 16 0 16
13115] 1 1,1 0 inf 0 inf 0 inf 0 inf
14115] 1 2 1 14 0 14 0 inf 0 inf
15115] 1 3 1 14 0 14 0 inf 3 inf
1615 1 4 0 14 0 14 0 14 0 14
17130(0,2 1,1 0 inf 0 inf 0 inf 0 inf
1813010,2 2 0 inf 0 inf 0 inf 0 inf
19]300,2 3 0 inf 1200 ? 0 inf 0 inf
20(300,2 4 742 inf 1200 ? 0 64 0 64
211301(0,5 1,1 0 inf 0 inf 0 inf 0 inf
22130(0,5 2 1 inf 1200 ? 0 inf 0 inf
231301(0,5 3 872 inf 1200 ? 0 inf 1 inf
241301(0,5 4 58 29 0 29 2 inf 1200 ?
251301(0,8 1,1 0 inf 0 inf 0 inf 0 inf
26301(0,8 2 0 inf 1200 ? 0 inf 0 inf
27/301(0,8 3 127 29 1200 ? 1 inf 1200 ?
281301(0,8 4 84 29 0 29 82 31 1200 ?
29130 1 1,1 0 inf 0 inf 0 inf 0 inf
30(30| 1 2 8 29 0 29 0 inf 0 inf
31130 1 3 601 29 0 29 1 inf 1200 ?
32130 1 4 563 29 0 29 754 29 1200 ?
3314510,2 1,1 0 inf 0 inf 0 inf 0 inf
3414510,2 2 0 inf 1 inf 0 inf 0 inf
3514510,2 3 1 inf 1200 ? 0 inf 0 inf
36/4510,2 4 1200 ? 1200 ? 3 inf 5 inf
3714510,5 1,1 0 inf 0 inf 0 inf 1 inf
3814510,5 2 1 inf 1200 ? 0 inf 0 inf
3914505 3 1200 ? 1200 ? 1 inf 1200 ?
40(45(0,5 4 566 44 1200 ? 2 inf 1200 ?
41]45(0,8 1,1 1 inf 0 inf 0 inf 0 inf
42145(0,8 2 1 inf 1200 ? 0 inf 11 inf
43145(0,8 3 1200 ? 1200 ? 3 inf 1200 ?
44145(0,8 4 1200 ? 0 44 1201 ? 1200 ?
45145] 1 1,1 1 inf 0 inf 0 inf 0 inf
46 45| 1 2 1200 ? 0 44 0 inf 82 inf
47145| 1 3 1200 ? 0 44 29 inf 1200 ?
48 45| 1 4 1201 ? 0 44 1201 ? 1200 ?
4916010,2 1,1 1 inf 0 inf 0 inf 0 inf
501600,2 2 0 inf 1200 ? 1 inf 0 inf
51/600,2 3 8 inf 1200 ? 0 inf 3 inf
521600,2 4 1200 ? 1200 ? 1 inf 1200 ?
5316010,5 1,1 1 inf 0 inf 1 inf 0 inf
54160 10,5 2 2 inf 1200 ? 0 inf 0 inf
5516010,5 3 1200 ? 1200 ? 2 inf 1200 ?
56|60 0,5 4 1200 ? 1200 ? 1200 ? 1200 ?
57160 10,8 1,1 1 inf 0 inf 1 inf 0 inf
5816010,8 2 24 inf 1200 ? 0 inf 17 inf
59160 0,8 3 1201 ? 1200 ? 21 inf 1200 ?
60|60 (0,8 4 1200 ? 0 59 1200 ? 1200 ?
6160 1 1,1 1 inf 0 inf 1 inf 0 inf
6260 1 2 1201 ? 0 59 0 inf 1200 ?
63160 1 3 1201 ? 0 59 399 inf 1200 ?
64160 1 4 1201 ? 0 59 1200 ? 1200 ?
Solved Percentage 76,57% 65,68% 92,19% 70,32%
Average Time | 74,92 26,36 22,14 2,73
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weights. When considering only the instances solved by both methods, the averages for CR drop to
39s and 0.18s, and EA still outperforms CR on unit weights. Also, for unit weights, some instances
that CR did not solve were solved by EA (see instances {44, 46, 47, 48, 60, 62, 63, 64}).

5. Conclusion

In this work, we propose an enumerative algorithm for MWtSTP, the first one that does
not depend on the resolution of mathematical programs. We observed that, on average, it performed
better for instances with arbitrary weights. Besides, even for the cases with ¢ = 2 and unit weights,
where the problem is polynomial, the algorithm reached the time limit for some instances.

Most of the tested instances where the algorithm timed out had ¢ € {3,4}. Fort €
{1.1,2}, it runs faster. In part, it is due to the fact that, for ¢ = 1.1, the detection of subproblem
infeasibility occurs earlier, which makes the pruning procedure more effective. With the increase of
t, the imminence of feasibility translates into an enlargement of the search space, and so more time
for its exploration. When compared to a method in the literature, it proved to be more competitive
for unweighted instances, regarding both the number of resolved instances and computational time.

As future work, there are at least two lines for research. The first one is to refine some
steps of the algorithm. For the pruning procedure, the objective would be to detect infeasibility more
quickly. For the branch, we could try another way of branching, if possible, by exploring a specific
MWISTP and tSTP property. The other line is to adapt the algorithm to help solving mathematical
formulations in the literature [Braga, 2019; Sousa, 2021]. By improving the performance of the
formulations, we would obtain a faster exact method.
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