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ABSTRACT
The Grey Wolf Optimizer (GWO) is a metaheuristic optimization algorithm in the field

of swarm intelligence that has been successfully used for solving a wide range of optimization prob-
lems. The GWO algorithm is based on the leadership hierarchy observed in grey wolf packs. In the
original GWO, a fixed number of wolves with the best fitness values for the optimization problem
under consideration is used to guide the search process. In a bi-objective optimization problem, we
are interested in finding a Pareto front approximation with high cardinality, i.e. a high number of
non-dominated solutions. Also, the points should be well distributed along the Pareto front. In this
paper, we propose a bi-objective variant of GWO, denoted by BGWODNL. The proposed model
uses a data-driven approach to define a dynamic number of leaders to guide the search process in
each iteration of the algorithm. Numerical experiments are conducted considering a spare parts list
optimization problem. For comparison purposes, experiments with a standard multi-objective vari-
ant of GWO are also carried out. Other benchmark multi-objective algorithms such as the Pareto
Ant Colony Optimization (PACO) and the Non-dominated Sorting Genetic Algorithm (NSGA-II)
are also considered. The results show that the proposed algorithm outperforms the benchmark al-
gorithms in terms of cardinality, simulation time, and distribution of points along the Pareto front.

KEYWORDS. Grey Wolf Optimizer. Multi-objective Optimization. Combinatorial Opti-
mization. Inventory Management. Stock Level Optimization.
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1. Introduction

In industrial applications, repairable items are often among the most expensive and critical
components [Kim et al., 1996]. When a failure event occurs, failed components must be rapidly
replaced to reduce downtime. For this reason, a spare parts inventory is kept. Hence, designing the
spare parts stock level for repairable items is an optimization problem that has an impact on modern
industrial operations.

In its classical formulation, the spare parts inventory problem is a bi-objective optimiza-
tion problem that consists of finding a spare parts list that minimizes the inventory cost and maxi-
mizes the expected system availability [Sherbrooke, 2004]. Extensions of the classical spare parts
inventory problem were addressed in other works such as Rodrigues and Gomes [2018] and Xie
et al. [2014]. In both papers, the authors considered the existence of redundant components, i.e.
the system may still work even if some of its components fail. The use of redundancies in system
architectures is a common practice in safety-critical industry sectors such as space, aeronautical and
nuclear power [Rodrigues and Gomes, 2018]. As a consequence of considering redundancies in
system architecture, the resulting optimization problem becomes non-convex and thus metaheuris-
tic algorithms arise as valid alternatives to address such a problem. For that, Pareto Ant Colony
Optimization (PACO) [Doerner et al., 2004], and the Non-dominated Sorting Genetic Algorithm II
(NSGA-II) [Deb et al., 2002] are among the most popular options.

Recently, Mirjalili et al. [2014] proposed a novel metaheuristic optimization algorithm
inspired by the social behavior of grey wolves. The so-called Grey Wolf Optimizer (GWO) uses
several mechanisms based on the social hierarchy and the hunting mechanism of grey wolf packs.
GWO has achieved competitive results and can be seen as an alternative to popular metaheuristic
methods such as Genetic Algorithms (GA) Holland [1992], and Particle Swarm Optimization (PSO)
[Kennedy and Eberhart, 1995].

Several variants of GWO have been proposed to improve its performance. In Wang and
Li [2019], the authors used differential evolution and applied the “survival of the fittest” principle
to eliminate wolves with poor solutions and improve the balance between the exploration and ex-
ploitation capabilities of the algorithm. In Gao and Zhao [2019], the authors proposed a variant in
which the weights assigned to leaders vary during the execution of the algorithm. Hybrid versions
of GWO have also been proposed, combining GWO with the Genetic Algorithm [Tawhid and Ali,
2017], and Particle Swarm Optimization [Teng et al., 2019], among others.

The literature also contains variants of GWO to handle multi-objective optimization prob-
lems. A Pareto-based multi-objective version of GWO was proposed by Mirjalili et al. [2016] and
achieved remarkable results. A different approach based on decomposition was used in Zapotecas-
Martı́nez et al. [2019] to propose another multi-objective variant of GWO.

In this paper, motivated by the success of the multi-objective versions of GWO, we pro-
pose a new variant of GWO named Bi-objective Grey Wolf Optimizer with a Dynamic Number
of Leaders (BGWODNL). In BGWODNL, we introduce two main modifications to improve the
exploration-exploitation compromise along the iterations. First, we consider that the number of
leaders can vary along the iterations. Additionally, we do not impose limits on the number of solu-
tions in the Pareto front. The proposed method is used to solve the spare parts inventory optimization
problem with redundant components. The results show that such modifications can produce a large
number of non-dominated solutions with reduced simulation time.

The rest of this paper is organized as follows. Section 2 presents the spare parts inventory
problem. Section 3 describes the original GWO algorithm. The proposed BGWODNL algorithm is
introduced in section 4. The results observed in numerical experiments are presented and discussed



in section 5. Final remarks and opportunities for future research are given in section 6.

2. Problem Definition
In this paper, we consider a spare parts inventory system for multiple repairable items.

The inventory system supports the operation of m identical machines. Each machine is composed
of n distinct components. In order to support the operation of the machines, the inventory system
contains a set of spare parts, denoted by S = {s1, . . . , sn}, where each element si is a non-negative
integer number that represents the number of spare parts for component ci. Figure 1 illustrates a
spare parts inventory system.

Figure 1: A spare parts inventory system for multiple repairable items.

A supplier sends a set of spare parts S to the system, which is held at the warehouse.
When a component fails, it is replaced with a ready-to-use spare part from the warehouse. A system
failure occurs whenever a non-redundant component fails. Failed components are sent to a repair
station to be repaired. A perfect repair station is considered, i.e. the repair station has an infinite
repair capacity, all failed components can be repaired, and repaired components are brought to the
“as good as new” condition. At the end of the repair process, the repaired component is sent to the
warehouse to be used when a new failure event occurs. We assume that components do not degrade
in the warehouse. If a non-redundant component fails and there are no spares at the warehouse, the
failed machine remains out of service until a spare part becomes available.

The architecture of each system is represented by a fault tree that describes the interactions
among its components. The Time to Failure (TTF) of each component ci is a random variable that
follows an exponential distribution with rate λi. Also, the Time to Repair (TTR) each component
ci is a random variable that follows an exponential distribution with rate µi.

Each candidate spare part list S has an associated cost, which is the sum of the unit price of
each component in S. Also, each candidate spare part list S has an associated expected availability,
which is the average percentage of functioning machines. The problem consists in finding a set
of non-dominated spare parts lists to build a Pareto front for the bi-objective optimization problem
considering spare parts cost and expected system availability as objective functions.

3. Grey Wolf Optimizer
Grey Wolf Optimizer (GWO) is a population-based optimization algorithm inspired by the

hierarchical nature and the hunting behavior of grey wolves [Mirjalili et al., 2014]. In the original
GWO algorithm the wolves are divided into four hierarchical levels, described as follows:

• Alpha wolves (α) are at the top level of the hierarchy. This group takes decisions such as
hunting time, prey selection, and sleeping place. Such decisions are followed by all the pack.



• Beta wolves (β) are in the second level in the pack hierarchy. They reinforce the commands
of alpha wolves all over the pack and advise them in decision making.

• Delta wolves (δ) are in the third level of the hierarchy. They are responsible for different
tasks such as watching the territory, and taking care of weak wolves.

• Omega wolves (ω) are at the lowest hierarchy level. They must submit to all the other domi-
nant wolves.

Also, the algorithm considers the group hunting behavior in its formulation. The grey
wolf hunting procedure can be divided into the following three main phases: (1) tracking, chasing,
and approaching the prey; (2) pursuing, encircling, and harassing the prey; and (3) attacking the
prey.

After defining the hunting behavior and the social hierarchy, the GWO algorithm starts
by randomly generating a set of candidate solutions. All solutions are evaluated and the best, the
second-best, and the third-best solutions are classified as α, β, and δ. Then, all other solutions
(named ω) are updated as a function of their distances to the α, β, and δ wolves.

3.1. Mathematical Model

Let M be the number of wolves in the pack and Xi = [x1, x2, . . . , xk] be the vector that
defines the position of the i-th wolf, where k is the dimension of problem under consideration. At
each iteration, the position of each wolf is updated according to Equations (1) and (2).

D = |C ·Xp(t)−X(t)| (1)
X(t+ 1) = Xp(t)−A ·D (2)

where X(t) is the position of the wolf at iteration t, and Xp(t) is the position of the prey. A and C
are vectors computed according to Equations (3) and (4), respectively.

A = 2a · r1 − a (3)
C = 2 · r2 (4)

where r1 ∈ [0,1] and r2 ∈ [0,1] are random vectors and a is a control parameter that linearly
decreases from 2 to 0 during the algorithm execution.

According to the mathematical formulation, a wolf updates its position based on vectors
A and C. Approaching a prey is modeled by decreasing the value of a along the iterations. The
coefficient vector C can be considered as the effect of obstacles in the hunting path, which prevents
the wolves to quickly and conveniently approach the prey [Sahoo and Chandra, 2017].

Even though Equations (1) and (2) indicate that the positions of the wolves are updated
based on the position of the prey, such position (i.e. the optimal solution of the problem under
consideration) is unknown. As mentioned earlier, the hunting procedure is guided by the α, β,
and δ wolves. To model this characteristic, GWO assumes that the α, β, and δ wolves (which are
the candidate solutions with the best fitness values) have better estimates of the prey’s position.
Thus, the positions of the pack are updated according to the position of these wolves, as shown in
Equations (5) to (11). A pseudo-code of the GWO algorithm is presented in Algorithm 1.



Dα = |C1 ·Xα −X(t)| (5)
Dβ = |C2 ·Xβ −X(t)| (6)
Dδ = |C3 ·Xδ −X(t)| (7)
X1 = Xα −A1 ·Dα (8)
X2 = Xβ −A2 ·Dβ (9)
X3 = Xδ −A3 ·Dδ (10)

X(t+ 1) =
X1 +X2 +X3

3
(11)

Algorithm 1 GWO algorithm.
1: Initialize the population Xi, for i = 1, . . . ,M
2: Initialize a = 2
3: Initialize A and C
4: Compute the fitness value of each wolf
5: Xalpha = the wolf with the best fitness value
6: Xbeta = the wolf with the second best fitness value
7: Xdelta = the wolf with the third best fitness value
8: While t < max. number of iterations do
9: For each wolf i do

10: Update its position according to Equation (11)
11: End For
12: Update a, A, and C
13: Compute the new fitness value of each wolf
14: Update Xα, Xβ , and Xδ

15: increment the iteration number (t = t+ 1)
16: End While
17: Return Xα

4. Proposed Bi-Objective Grey Wolf Optimizer

In this section, we present the proposed Bi-objective Grey Wolf Optimizer with a Dynamic
Number of Leaders (BGWODNV). In order to adapt GWO to solve multi-objective problems, we
use an archive that stores the current set of all non-dominated solutions during the execution of the
algorithm. This archive is the output of the algorithm. Solutions are added to and eliminated from
the archive according to the flowchart presented in Figure 2.

We propose a new leadership selection mechanism to select the wolves that will guide the
search process in each iteration of the algorithm. In the original GWO, as well as in other GWO
variants, the number of leaders is always three (the α, β, and δ wolves). In our proposed model,
however, we relax this assumption and adopt a data-driven mechanism to define the number of
leaders in each iteration of the algorithm. In order to define the leaders, the solutions in the archive
are sorted and the distances between consecutive points are computed. Then, for each objective
function, the two consecutive points with the highest distance are selected as leaders. Depending



Figure 2: Flowchart for archive update.

on the distribution of points in the archive, the number of leaders in a bi-objective optimization
problem may vary from 2 to 4. Figure 3 presents an illustrative example that shows how a different
number of leaders may be selected.

Figure 3: An illustrative example of leaders selection in BGWODNL. (a) Distinct pairs with the highest
difference in f1 and f2 resulting in four leaders. (b) One common solution in the pairs with the highest
difference in f1 and f2 resulting in three leaders. (c) The same pair of solutions with the highest difference
in both f1 and f2 resulting in two leaders.

Once the leaders for iteration t are selected, the position of the other wolves are not up-
dated according to Equation (11). Instead, they are updated according to Equation (12), which is
the general form of Equation (11) for a variable number of leaders.

X(t+ 1) =

n(t)∑
v=1

Xv

n(t)
(12)

where n(t) is the number of leaders for iteration t, and Xv is computed according to:

Xv = Xj(t)−Aj ·Dj (13)

where Xj(t) is the position of the j-leader in iteration t, Aj is a random vector, and Dj is computed
according to:

Dj = |Cj ·Xj(t)−X| (14)



where Cj is a random vector, and X is the current position of the wolf.

4.1. Population Initialization
The opposition-based learning principle is used to initialize the population of the proposed

BGWODNL. The opposition-based learning concept was introduced in Tizhoosh [2005] to improve
the performance of metaheuristic algorithms. The main idea behind opposition-based learning is
that a pair composed of a candidate solution and its opposite has a higher probability to be closer
to the optimal solution than a pair composed of two random solutions, considering that the original
candidate solution not close to the optimal solution [Tizhoosh, 2005], [Mahdavi et al., 2018].

Consider a d-dimensional problem. Let z = (z1, z2, . . . , zd) be a candidate solution,
where each element zi ∈ [Li,Ui]. Also, let z̄ = (z̄1, z̄2, . . . , z̄d) be the opposite solution. Each
element z̄i is computed as follows [Aladeemy et al., 2020]:

z̄i = Li + Ui − zi (15)

In order to generate the initial population for BGWODNL, the solution of half of the
wolves are randomly generated, while the solutions of the remaining wolves are the opposite solu-
tions computed according to Equation (15).

5. Numerical Experiments
In this section, we present the results observed in numerical experiments carried out to

evaluate the performance of the proposed algorithm. The performance of BGWODNL is compared
with the performance of the multi-objective version of GWO proposed in Mirjalili et al. [2016],
denoted by MGWO. We also compare the performance of BGWODNL with two other algorithms:
the Pareto Ant Colony Optimization (PACO) [Doerner et al., 2004], and the Non-dominated Sorting
Genetic Algorithm II (NSGA-II) [Deb et al., 2002]. The algorithms are compared in terms of the
number of non-dominated solutions, simulation time, and the ∆ index [Audet et al., 2018].

The ∆ index is a metric that measures the distribution of the non-dominated points in a
Pareto front. The ∆ index is computed according to Equation (16).

∆(S) =

|S|−1∑
i=1

|di − d̄|
|S| − 1

(16)

where S is the set of points belonging to a Pareto front, di is the Euclidean distance between two
consecutive points of the Pareto front, and d̄ is the mean value of di.

In the ideal case, all points in S will be uniformly distributed along the Pareto front. In
this situation, all distances di will be equal to d̄, and the ∆ index will be zero. In any other situation,
the indicator will assume a positive value. Thus, lower indicator values are associated with Pareto
fronts with more uniformly distributed points.

5.1. Simulation Data
As mentioned earlier, a bi-objective spare parts stock level optimization problem is con-

sidered in the experiments. We conducted experiments with three different multiple-component
systems. Figure 4 shows a fault tree representation of the architecture of each system. Table 1
shows the unit price, the failure rate λi, and the repair rate µi of each component type ci.

A set of 30 machines was used in all the simulations. For each algorithm, a Monte Carlo
approach with 100 repetitions was adopted. Based on experimental tests, a population of 50 wolves



Figure 4: Fault tree representation of system architectures.

Table 1: Component Simulation Data
Component Price λ µ Component Price λ µ Component Price λ µ

c1 270 346 20 c8 30 186 31 c15 40 166 32
c2 160 245 38 c9 150 544 31 c16 120 94 18
c3 140 149 25 c10 50 206 34 c17 80 90 15
c4 120 128 16 c11 140 86 17 c18 70 114 25
c5 90 176 28 c12 30 348 30 c19 40 265 28
c6 70 280 23 c13 230 169 20 c20 30 225 16
c7 40 174 31 c14 50 490 30

and a maximum number of 200 iterations were used for both MGWO and BGWODNL. For the
PACO algorithm, a colony with 50 ants, a pheromone evaporation rate of 1%, and a maximum
number of 200 iterations were used. For NSGA-II, a population size of 50, a crossover probability
of 80%, a mutation probability of 10%, a mutation rate of 5%, and a maximum number of 200 iter-
ations were used. The experiments were conducted using an Intel® CoreTM i7, 3.4 GHz processor,
and 8GB RAM. The algorithms were coded in Matlab®.

5.2. Simulation Results

The performances obtained with the different algorithms are compared in terms of the
number of non-dominated solutions, simulation time, and the ∆ index. Figure 5 shows the number
of non-dominated solutions obtained with each algorithm for each system.

Figure 5: Number of non-dominated solutions. (a) System 1. (b) System 2. (c) System 3.

It can be noticed that, for all the systems, a similar relative result is observed. The two ver-
sions of GWO (MGWO and the proposed BGWODNL) found the highest number of non-dominated



solutions, followed by PACO and NSGA-II. It is worth pointing out that the highest number of non-
dominated solutions were obtained for system 1, which is the system with the lowest number of
components. This result shows that the complexity level to find the Pareto front for a system de-
pends on both the number of components and the interactions among components defined by the
system architecture.

The simulation times required to run the experiments are presented in Figure 6. Again,
the two GWO versions presented the best results. Also, the two GWO versions presented a lower
variability in the simulation time when compared with PACO and NSGA-II.

Figure 6: Simulation time required by each algorithm. (a) System 1. (b) System 2. (c) System 3.

Figure 7 shows the ∆ index obtained with each algorithm for each system. As mentioned
earlier, the ∆ index measures the distribution of points along the Pareto front. Lower ∆ index values
are associated with more uniformly distributed fronts. It can be noticed from Figure 7 that the pro-
posed BGWODNL presented the best performance. In the next section, a statistical significance test
is conducted to evaluate the differences in the performances obtained with the different algorithms.

Figure 7: ∆ index computed for each metaheuristic algorithm. (a) System 1. (b) System 2. (c) System 3.

5.3. Statistical Significance Test

This section presents the results of a statistical test conducted to check whether the per-
formance obtained with the proposed BGWODNL is statistically different from the performance
obtained with the other algorithms.

LetX and Y be two normally distributed random variables. The mean and the variance of
X are denoted by µX and σ2X , respectively. Similarly, the mean and the variance of Y are denoted
by µY and σ2Y , respectively. Also, assume that σ2X ≥ σ2Y . In order to test whether X and Y have
different means, the first step is to conduct an F-Test to test whether X and Y can be assumed to
have the same variance. The null hypothesis H0 for the F-Test is that σ2X = σ2Y . The statistics Fcalc
is computed according to Equation (17). The statistics Fcalc is then compared with a critical value
Fcrit, which is computed according to Equation (18).



Fcalc =
σ2
X

σ2
Y

(17)

F (Fcrit; dX ,dY ) = 1− α (18)

where F (·) is the cumulative Fisher-Snedecor distribution, α is the confidence level for the test, dX
is the number of degrees of freedom associated withX , and dY is the number of degrees of freedom
associated with Y . The null hypothesis H0 can be rejected if Fcalc > Fcrit.

A T-Test is then conducted to test whether X and Y can be assumed to have different
means. The null hypothesis H0 for the T-Test is that µX = µY . The result of the F-Test is used to
define how to compute the statistics for the T-Test. If the null hypothesis of the F-Test is rejected
(i.e. X and Y have different variances), then the statistics Tcalc for the T-Test is computed according
to Equation (19). Otherwise, Tcalc is computed according to Equation (20).

Tcalc =
µX − µY√
σ2
X

nX
+

σ2
Y

nY

(19)

Tcalc =
µX − µY√

σ2
(

1
nX

+ 1
nY

) (20)

where nX and nY are the number of samples used to compute the means and variances of X and
Y , respectively, and σ2 is computed according to Equation (21).

σ2 =
(nX − 1)σ2

X + (nY − 1)σ2
Y

nX + nY − 2
(21)

Again, the statistics Tcalc must be compared with a critical value Tcrit, which is computed
according to Equation (22).

T (Tcrit;n) = 1− alpha/2 (22)

where T (·) is the cumulative Student’s t distribution, and n is the number of degrees of freedom
computed according to Equation (23).

n =

[(
σ2
X

nX
+

σ2
Y

nY

)]2
(
σ2
X
nX

)2

nX−1 +

(
σ2
Y
nY

)2

nY −1

(23)

The null hypothesis H0 can be rejected if Tcalc > Tcrit. A pairwise comparison was
conducted between the proposed BGWODNL and each other algorithm considered in this paper for
each of the three systems and each performance indicator. The null hypothesis of the T-Test could
be rejected in all the tests. It means that the proposed BGWODNL algorithm was able to find a
higher number and more distributed non-dominated solutions in a lower computational time for all
the systems when compared with the other algorithms considered in the experiments.



6. Conclusions

This paper presented a modified version of the Grey Wolf Optimizer (GWO) algorithm
for bi-objective optimization problems, denoted by BGWODNL. An archive is used to store the
non-dominated solutions that form the Pareto front. The proposed algorithm uses a data-driven
mechanism to define a dynamic number of leaders to guide the search process during each iteration
of the algorithm.

The leaders are selected to guide the search process to regions of the Pareto front with
a lower concentration of non-dominated solutions. The dynamic number of leaders avoids the
selection of wolves that do not contribute to guiding the search process to regions of interest of the
Pareto front only to comply with the predefined number of leaders assumption.

Numerical experiments considering the application of the proposed BGWODNL to solve
a spare parts list optimization problem were presented. Three different systems were considered.
The performance of BGWODNL was compared with the performance of a standard multi-objective
variant of GWO and two benchmark multi-objective algorithms: the Pareto Ant Colony Optimiza-
tion (PACO) and the Non-dominated Sorting Genetic Algorithm (NSGA-II). The performances
obtained with the algorithms were compared in terms of cardinality (i.e. the number of points in the
Pareto front), simulation time, and ∆ index. The proposed BGWODNL presented a very competi-
tive performance.

Future research may extend the scope of this paper by adapting the proposed BGWODNL
to higher dimensions optimization problems. Another opportunity to extend the scope of this paper
is to investigate the performance of BGWODNL combined with other GWO variants proposed in
the literature.
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