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ABSTRACT

This work presents two new formulations, one for the Unitary Weighted
Weber-Problem (UWWP) and one for the Minimum Sum of Squares Clustering
(MSSC). The UWWP is a clustering problem where the location of each cluster
center minimizes the total Euclidean distance to assigned items. In MSSC problem,
the squares of the Euclidean distances from cluster centers to assigned items is
minimized. We apply new combinatorial approaches and obtain a convex quadratic
model with second order cone constraints that can be efficiently solved by interior
point algorithms.
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1. Introduction

The clustering problem is a well known partition problem where a num-
ber of items is to be divided into a number of hierarchical or non-hierarchical par-
titions that minimizes the total dissimilarity or maximize the total similarity of
clusterings [6], [8], [7].

Dissimilarity and similarity functions can be designed to generate differ-
ent clustering patterns to achieve specific purpose. In some sense these metrics can
result a comprehensive duality between them. The measures of dissimilarity are
mostly used because of their relation to human expectations on clustering by proxi-
mity [7]. In this paper, we study the measures of total Euclidean distance between
items and their cluster centers and the total variance between clusters and their
cluster centers both representing total dissimilarity measure for a non-hierarchical
process.

In the literature, there were a wide number of papers about the min-sum-
of-squares clustering (MSSC) problem. The same as the minimum total variance
problem. For this problem, it is known that the cluster center is located in the aver-
age mean of the positions of the assigned items. This property facilitates the com-
mon use of heuristic methods based on k-Means, Exponential-Smooth, Bi-Level
programming, Mathematical Programming based methods like Repeated B&B, In-
teger Programming, Branch-and-Cut SDP (semidefinite programming) and math-
heuristics, [7], [2], [16], [17], [3], [1], [11], [12], [5].

In the context of the Euclidean distance as dissimilarity measure for the
Weber Problem (WP), it was proposed in [9] a more general version of the prob-
lem including weights in the objective function for the distance between located
clusters. The author applied his model in the context of communication network.
In [14], it was proposed a linear model to solve WP but using Manhattan met-
rics as the dissimilarity function and [15] proposed a hyperbolic approach also to
solve WP using Manhattan metrics. Much later, [4] considers the version where
there are positive and negative weights between items and cluster centers. The au-
thors propose a global optimization problem with both the objective function and
constraint functions written as differences of convex functions. The authors use a
math-heuristic to deal with the so called WAR Problem (Weber Problem with At-
traction and Repulsion) and solved instances up to 1000 items. Although there are
many works considering the WAR problem, as far as we know the case where the
weights are positive unitary were not investigated.

To have a perception of the differences between the problems here stud-
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ied, an example of an instance with 8 items and 2 clusters is shown in Figures
1 and 2, where the different solutions obtained for both Unitary Weighted Weber
Problem (UWWP) and MSSC Problem are depicted. It can be noted the proximity
of the locations between centers for this particular instance. But in fact there are
still more differences in the assignment of items to clusters centers not revealed in
this small example.
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Figure 1: Instance result for the Unitary Weighted Weber Problem.

This paper is organized as follows. In Section 2 we develop and propose
a new convex formulation for the UWWP. In Section 3 we develop and formulate
a new convex and quadratic formulation to MSSC. We conclude the paper indi-
cating some future work to reproduce the results of these new formulations for
instances of the literature using regular QP or second-order conic programming
(SOCP) state-of-the-art solvers.

2. Model for Unitary Weighed Weber Problem (UWWP)

Given a set of p points a’ € R™, fori € P = {1,2,...,p}, we define
the variables 27 € R, for j € K = {1,2,..., k}, to represent the location of the
center of cluster C;. We consider p, k € N and p > k. Let the distance of a point
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Figure 2: Instance result for the MSSC Problem.

a® to the center of the cluster C; be

n
> (af—al)?, VieP, VjeK.
=1

dij = |la’ —a7||; =

The problem consists of finding the coordinates of 27 and which points a’ belong to
each cluster in order to minimize the sum of intra-cluster distances. So we define
the binary variables y;; € {0,1}, such that y;; = 1if a’ € Cj, and y;; = 0,
otherwise. The problem can be written as

min Z Z dij Yij (1

jEK i€P
Each cluster must contain at least one point. We write

Zyij >1, VjeK.
ieP
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And, as each point must belong to one unique cluster, we write

Zyij:L Vie P

jEK

As y;; € {0, 1}, we have yfj = yij, Vi € P, Vj € K. We can rewrite (1) as

min Z Zdij Yij = Z Z Yij Z(af —a])?
I=1

jeEK i€P JjEK i€P

D) WPITICEE
=1

JEK i€P
n
_ 2
= 22\ @)
jeK ieP \ I=1

where we have introduced the variables m;;; = yl-j(af — :c{ ), for all i € P, for all

7 € K,andforalll = 1,...,n. They will be well defined if we use the constraints
~(L—y))M + (af —a]) < mu; < (af —2]) + (1 —yiy) M,
—My;; < my; < My,

where we used the constant value
M = max [|la®— all|s.

1<s<q<p

For all 7 € P and for all j € K, we define the variables

and substitute into the objective function (2). As the problem will minimize z;;,
we can use the constraints

n
Zij > E mp;, 1€P, jeK.
=1
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Our model can be written as follows:

k p
(CP1): Minimize ZZzij, subject to : 3)
j=11i=1
n
=) mpy;, i€P jEK, (4)
=1
(1 =y )M + (af —a]) < mu; < (af —a2)) + (1 —yi)M, (5
—My;; < my; < My, (6)
ZZJZO, iep? jEKv (7)
k
dyy=1, i€P ®)
j=1
p
> yi>1, jEK ©)
i=1
Yij € {01}, ieP, jeK. (10)
' eR", jeK (11)

where (5) and (6) are defined for all i € P, forall j € K andforalll =1,...,n.
Constraints (4) and (7) define second order cone constraints [18].

If 27, fora given j € K, is an optimal solution of (C'P1), then 27 will be
a Weber center for C; [13]. The continuous relaxation of (C'P1) is a smooth and
convex optimization problem. This model can be solved by XPRESS software that
recognizes constraints (4) and (7) as second order cones and uses an interior point
algorithm proposed in [18].

One important consideration is that if we preprocess the data, redefining
each given point as a’ := ﬁ a’, for all i € P, we will have

laj —al| <1, VijeP, i#j,

and we can use M = 1 in constraints (5) and (6).
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3. Model for the MSSC Problem
The only difference between the problems UWWP and MSSC is the ob-
jective function. In MSSC, instead of (1), we use

min Z Zd?j Yij, (12)

jEK i€P

where the distances are squared. Using the variables m;;; as defined in Section 2,

we can rewrite (12) as
n
: 2
min > > mi;

jeK ieP I=1
Our model can be written as follows:

n
(CP2) : Minimize mii;, (13)
j=11i=1 =1

subject to: (5), (6), (8)-(11).

If 22, for a given j € K, is an optimal solution of (C'P2), then 2 will
be the geometrical center of C;.

4. Conclusion

In this paper we presented two new formulations, one for UWWP and one
for the MSSC problem. For UWWP, we developed and formalized a quadratic in-
teger problem with second order cone constraints, called (C'P1), that can be solved
by actual state-of-the-art quadratic optimization solvers like XPRESS-FICO.

Also, we developed and formalized, for the MSSC problem, a quadratic
problem with linear constraints that can be solved by XPRESS-FICO, Gurobi,
CPLEX, Mosek, Knitro and LINGO, all available on the platform NEOS Argonne
Server [10].

As they are, although better than the previous ones used for the WP and
MSSC, the formulations can only hold small instances up to 20 items.

The formulations can be processed much better by using triangle inequal-
ity cuts as proposed by [4] and [11], and also forbidden items to cluster assignment
elimination cuts. Other approaches may be evaluated to hold large instances with
small/average number of clusters by using the results of [17] to incorporate the
solution process.
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