
A computational experiment with low-cost heuristics for profile reduction

L. M. Silva, J. A. B. Bernardes, S. L. Gonzaga de Oliveira
Universidade Federal de Lavras - UFLA

Lavras, MG
{liberio,juniorbernardes,sanderson}@ufla.br

ABSTRACT
Previous publications reviewed methods that compute symmetric permutations to reduce

the profile of sparse matrices. Based on this experience, this paper, with the support of extensive
experiments, evaluates six low-cost heuristics for profile reduction. The heuristics evaluated are
Sloan’s algorithm and five variants of this method. Among the algorithms appraised, the Hu-Scott
and MPG algorithms yielded the highest number of best profile results when applied to symmetric
and nonsymmetric sparsity patterns, respectively.
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1. Introduction
In scientific computing, the solution of linear systems composed of sparse matrices is

one of the most significant computational kernels. The solution of sparse linear systems is a step
in many real-world and applied problems in science and engineering. In a numerical simulation,
this is generally the step that requires a high computing time. Thus, the investigation to reduce
the computational cost of solving linear systems composed of sparse matrices is a relevant subject
in numerical mathematics because of its significance in many numerical simulations [Gonzaga de
Oliveira et al., 2018, 2019b].

The matrix profile reduction favors a sparse direct solver for solving systems of linear
equations [Gonzaga de Oliveira et al., 2019a]. Thus, practitioners use heuristics for profile reduction
to achieve low computational costs for solving sparse systems of linear equations. The profile
reduction is also crucial for increasing the effectiveness of data structures to represent matrices,
such as applications that use the skyline data structure [Felippa, 1975].

Heuristics for profile reduction place nonzero coefficients of a sparse matrix as close as
possible to the main diagonal. Let A = [aij ] be an n × n symmetric matrix associated with a
connected undirected graphG = (V,E), where V andE are sets of vertices and edges, respectively.
The profile of a matrix A is defined as profile(A) =

∑n
i=1[βi], where βi = i− min

1≤j≤i
[j | aij 6= 0]

and aii 6= 0.
The profile minimization problem is a well known NP-hard [Lin e Yuan, 1994] compu-

tational search problem investigated for over a half-century. As previously mentioned, the reason
is that this problem is associated with a broad range of scientific and engineering application areas.
Thus, researchers have proposed several heuristic methods for reordering the rows and columns of
a sparse matrix to reduce its profile [Gonzaga de Oliveira et al., 2018, 2019b].

This paper concentrates on the family of applications based on sparse matrix factorization
and related problems so that the experiments conducted in this study analyze six low-cost heuristics
for profile reductions [Gonzaga de Oliveira et al., 2018, 2019b]. The profile reductions yielded by a
reordering algorithm are not directly proportional to the reduction of the execution time of a linear
system solver. Moreover, the objective is to minimize the total computing time of the simulation,
including the preprocessing time required by the reordering heuristic, at least when only a single
linear system is to be solved. Therefore, a vertex labeling algorithm must perform at low-cost
[Gonzaga de Oliveira et al., 2018, 2019b].

This paper evaluates Sloan’s [Sloan, 1989], MPG [Medeiros et al., 1993], NSloan [Kum-
fert e Pothen, 1997], Sloan-MGPS [Reid e Scott, 1999], Hu-Scott [Hu e Scott, 2001], and NMPG
[Gonzaga de Oliveira et al., 2019b] heuristics. The methods compute symmetric permutations for
matrix profile reduction.

In Section 2, the heuristics evaluated in this computational experiment are described. In
Section 3, the tests conducted are reported. In Section 4, the experimental results are presented.
Finally, In Section 5, the conclusions are addressed.

2. Related work
Sloan [1989] proposed an important heuristic for profile reduction. Sloan’s heuristic em-

ploys two weights in its priority scheme in order to label the vertices of the instance: w1, associated
with the distance d(v, e) from the vertex v to a pseudo-peripheral (target end) vertex e that belongs
to the last level of the level structure rooted at a starting vertex s, and w2, associated with the degree
of each vertex. The priority function p(v) = w1 · d(v, e)− w2 · (deg(v) + 1) employed in Sloan’s
heuristic presents different scales for both criteria. The value of deg(v) + 1 ranges from 1 to m+1



(where m = max
v∈V

[deg(v)] is the maximum degree found in the graph G = (V,E)), and d(v, e) ran-

ges from 0 (when v = e) to the eccentricity `(e) (of the target end vertex e) [Gonzaga de Oliveira e
Chagas, 2014].

The MPG [Medeiros et al., 1993], NSloan [Kumfert e Pothen, 1997], and Sloan-MGPS
[Reid e Scott, 1999] heuristics are based on Sloan’s heuristic [Sloan, 1989]. Specifically, the Sloan-
MGPS heuristic is Sloan’s heuristic with the starting and target end vertices given by a variant of
the procedure used in the GPS algorithm.

The MPG heuristic employs two max-priority queues: t contains vertices that are can-
didate vertices to be labeled, and q contains vertices belonging to t and also vertices that can be
inserted to t. Similarly to Sloan’s heuristic (and its variations), the current degree of a vertex is the
number of adjacencies to vertices that neither have been labeled nor belong to q. A main loop per-
forms three steps. First, a vertex v is inserted into q in order to maximize a specific priority function.
Second, the current degree cdeg(v) of each vertex v ∈ t is observed: the algorithm labels a vertex
v if cdeg(v) = 0, and the algorithm removes from t a vertex v (i.e., t ← t − {v}) if cdeg(v) > 1.
Third, if t is empty, the algorithm inserts into t each vertex u ∈ q with priority pu ≥ pmax(q) − 1
where pmax(q) returns the maximum priority among the vertices in q. The priority function in the
MPG heuristic is p(v) = d(v, e)− 2 · cdeg(v).

Kumfert e Pothen [1997] normalized the two criteria used in Sloan’s algorithm. Thus,
the Normalized Sloan (NSloan) heuristic uses the priority function p(v) = w1 · d(v, e) − w2 ·
bd(s, e)/mc · (deg(v) + 1).

Concerning Sloan’s, NSloan, and Sloan-MGPS heuristics, this computational experiment
set the two weights as described in the original papers. When the authors recommended more than
one pair of values in the original papers, a previous publication determined the pair of values that
yielded the best profile results [Gonzaga de Oliveira et al., 2018]. Thus, the two weights were
assigned as w1 = 1 and w2 = 2 for Sloan’s and Sloan-MGPS heuristics, and as w1 = 2 and w2 = 1
for the NSloan heuristic.

The NMPG heuristic is basically a hybrid of the MPG and NSloan heuristics. Speci-
fically, the heuristic is based on the MPG heuristic together with the normalized scheme propo-
sed by Kumfert e Pothen [1997]. The heuristic uses the priority function p(v) = d(v, e) − 2 ·
d(s, e)/max

v∈V
[deg(v)] · (cdeg(v)). The Hu-Scott heuristic [Hu e Scott, 2001] is a multilevel Sloan

algorithm that employs a maximal independent vertex set for coarsening the adjacency graph of the
matrix and Sloan-MGPS heuristic on the coarsest graph.

3. Description of the tests
This computational experiment employed the C++ programming language to implement

five low-cost heuristics for profile reduction (Sloan’s, MPG, NSloan, Sloan-MGPS, and NMPG
heuristics). The implementations of these five heuristics for profile reductions appraised in this
study employed binary heaps to code the priority queues (although the original Sloan’s algorithm
[Sloan, 1989] used a linked list). A previous publication [Gonzaga de Oliveira et al., 2018] showed
the testing and calibration carried out to evaluate the implementations with the ones used by the
original proposers of the four low-cost heuristics (Sloan’s, MPG, NSloan, and Sloan-MGPS) to
ensure that the codes employed in this study were comparable to the formerly proposed algorithms.

This computational experiment executed the Hu-Scott heuristic implemented in the rou-
tine MC73 contained in the HSL library [STFC, 2020]. This paper also uses the Hager exchange
method implemented in the routine MC67 included in this library. We employed the Fortran pro-
gramming language to use these routines.



The workstations used in the execution of the simulations featured an Intel R© CoreTM i7-
4770 (CPU 3.40 GHz, 8 MB Cache, 12 GB of main memory DDR3 1.6 GHz) (Intel; Santa Clara,
CA, United States). We performed three serial runs for each matrix.

The experiments used matrices contained in the SuiteSparse matrix collection [Davis e
Hu, 2011]. The profile reduction depends on the choice of the initial ordering, and this paper
considers the original labeling given in the instance contained in the matrix collection.

The nonsymmetric matrix Au is added to its transpose matrix AT
u (Au +AT

u). Subsequen-
tly, the implementations compute the profile of the resulting symmetric matrix [Gonzaga de Oliveira
et al., 2018].
4. Results and analysis

In this section, we report the results delivered by several low-cost heuristics for profile re-
ductions. The tables in this section show the matrix’s name and size, the value of the initial profile of
the matrix (profile0), and the average values of profile yielded by the heuristics. In Sections 4.1 and
4.2, we show the results achieved by the heuristics when applied to symmetric and nonsymmetric
matrices, respectively.
4.1. Symmetric matrices

In this section, we show the results yielded by several heuristics for profile results when
applied to symmetric matrices. Tables 1 and 2 show that the MPG heuristic yielded 29 best profile
results when applied to 65 symmetric matrices. Figure 1 shows the running times of five heuristics
for profile reduction when applied to symmetric matrices.

Figura 1: Execution times (in seconds) required by five heuristics for profile reductions when applied to
several symmetric matrices.

Tables 1 and 2 show that the MPG heuristic yielded the highest number of best profile
results. The last line of Table 2 shows the average time of the heuristics executed with the matrices
contained in Tables 1 and 2. The tables reveal that the NSloan and NMPG heuristics achieved the
second-best profile results. These two heuristics delivered 17 out of 65 best results. On average, the
NSloan heuristic was more than 2x faster than the MPG and NMPG heuristics.

Since the MPG and NSloan heuristics yielded the best results in Tables 1 and 2, this
study evaluated these two algorithms against the Hu-Scott heuristic. Thus, Tables 3 and 4 show
the profile results yielded by the Hu-Scott, MPG, and NSloan heuristics when applied to several
matrices arising from four application areas. Consistent with the current literature [Gonzaga de
Oliveira et al., 2019b], the tables show that the Hu-Scott heuristic dominated the MPG and NSloan
heuristics concerning the output quality of profile results at higher (lower) execution costs than the
NSloan (MPG) heuristic.
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Tabela 3: Profile results given by the Hu-Scott, MPG, and NSloan heuristics applied to 15 symmetric matri-
ces (Profile·106) (continued on Table 4).

Matrix n profile0 Hu-Scott t(s) MPG t(s) NSloan t(s)
gas sensor 66917 69 63 0.3 73 0.1 69 0.1

t3dh 79171 250 154 1.0 161 0.2 158 0.1
filder3D 106437 261 69 0.7 87 4.1 95 0.4
boneS01 127224 331 246 1.2 302 4.9 330 0.5
boneS10 914898 6345 2147 9.7 3742 35.3 3824 3.8
bone010 986703 8846 188 2.2 2231 38.1 1283 4.1

Nr. best results (model red. problems) 6 0 0
thermomech TC 102158 2668 13 0.6 15 0.4 15 0.2
thermomech TK 102158 2668 13 0.4 16 0.4 15 0.2
thermomech dM 204316 10671 29 0.7 31 0.3 31 0.4

thermal2 1228045 53657 577 4.5 585 3.3 587 2.4
Nr. best results (thermal problems) 4 0 0

shallow water1 81920 35 20 1.3 22 1.5 32 0.0
shallow water2 81920 35 21 1.3 22 1.4 32 0.0

cfd2 123440 156 136 0.7 139 0.9 156 0.3
parabolic fem 525825 112866 230 2.0 247 0.9 225 0.4
StocF-1465 1465137 37108 9607 8.0 3521 18.3 2340 2.3
Nr. best results (CFD problems) 3 0 2

Tables 3 shows that the Hu-Scott heuristic yielded the highest number of best profile
results when applied to symmetric matrices originating from three application areas. On the other
hand, Table 4 shows that the MPG heuristic delivered the best profile results when applied to the
highest matrix (Flan 1565) used in this study. The same table shows that the NSloan heuristic
yielded the best profile results when applied to six similar matrices (af * k101). Thus, Tables 3 and
4 show that this heuristic yielded a higher number of best profile results than the MPG heuristic.

Table 4 also shows that the NSloan and MPG heuristics yielded in general much better
profile results than the Hu-Scott algorithm when applied to matrices with sizes larger than 600,000
originating from structural problems. Table 5 shows that the Hu-Scott algorithm yielded better
profile results than the MPG heuristic when executed together with the Hager exchange method
implemented in the routine MC67 contained in the HSL library [STFC, 2020].

4.2. Nonsymmetric matrices
In this section, we show the results yielded by six heuristics. These algorithms compute

symmetric permutations to reduce the profile of sparse matrices.
Tables 6 and 7 show the results yielded by five heuristics for profile reduction when ap-

plied to 53 nonsymmetric matrices arising from 11 application areas. In particular, Tables 7 shows
that the MPG, NMPG, NSloan, Sloan-MGPS, and Sloan’s heuristics did not reduce the profile of
five nonsymmetric matrices arising from subsequent semiconductor device problems. Thus, these
five symmetric permutations did not reduce the profile of 18 out of 53 nonsymmetric matrices,
which is more than the number of best results given by the MPG heuristic (15). Among the heuris-
tics evaluated in this study, Tables 6 and 7 show that the MPG heuristic provided the highest number
of best results when applied to these nonsymmetric matrices. Figure 2 shows the running times of
five heuristics for profile reduction when executed to nonsymmetric matrices.



Tabela 4: Profile results given by the Hu-Scott, MPG, and NSloan heuristics applied to 23 symmetric matri-
ces (Profile·106) arising from structural problems (continued from Table 3).

Matrix n profile0 Hu-Scott t(s) MPG t(s) NSloan t(s)
pwtk 217918 57453 160 2.0 961 5.1 1034 0.2
hood 220542 13717 136 2.0 148 2.7 203 1.0

msdoor 415863 23551 423 3.9 629 5.2 629 2.0
af 0 k101 503625 430 417 2.9 415 4.8 406 1.7
af 1 k101 503625 430 417 7.2 415 4.2 406 1.7
af 2 k101 503625 430 417 3.1 415 4.5 406 1.7
af 3 k101 503625 430 417 3.1 415 4.5 406 1.7
af 4 k101 503625 430 417 3.0 415 4.5 406 1.7
af 5 k101 503625 430 417 3.0 415 4.5 406 2.6
inline 1 503712 57453 622 7.3 961 4.0 1034 3.8
af shell3 504855 802 519 3.2 625 3.1 544 1.8
af shell4 504855 802 519 3.2 625 3.1 526 1.1
af shell7 504855 802 519 3.2 625 3.1 526 1.1
af shell8 504855 802 519 3.4 625 3.1 515 2.1
Fault 639 638802 8422 5321 6.1 1816 5.89 2063 2.8
apache2 715176 1717 1444 6.4 1431 1.04 1293 1.3

Emilia 923 923136 11537 9491 8.6 2014 150.0 2052 4.2
audikw 1 943695 390219 5277 28.1 2289 46.4 2931 8.0

ldoor 952203 127151 1320 9.5 3336 65.09 3255 4.4
Serena 1391349 77321 18914 27.4 782 112.2 3876 8.3

Geo 1438 1437960 27532 16049 15.3 2596 90.85 2771 6.2
Hook 1498 1498023 28126 9195 24.6 2250 55.7 2250 6.1
Flan 1565 1564794 17382 7703 21.7 1620 172.19 2292 11.7

Nr. best results 8 7 9
Total number of best results 21 7 11

Average time, in seconds 6.1 22.8 2.4

Tabela 5: Profile results given by the Hu-Scott and MPG heuristics applied to eight symmetric matrices
(Profile·106) joined with the Hager exchange method implemented in the routine MC67 contained in the
HSL library.

Matrix n Profile Hu-Scott t(s) MPG t(s)
2cubes sphere 101492 483 155 4 169 3

filter3D 106437 261 66 4 80 2
Ge99H100 112985 1190 1145 5 1190 9
shipsec8 114919 251 181 4 251 1

cfd2 123440 156 133 5 134 6
thermomech dM 204316 10671 28 7 30 7

offshore 259789 3588 517 11 1136 19
F1 343791 621 593 14 621 22
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Figura 2: Execution times (in seconds) required by five heuristics for profile reductions when applied to
several nonsymmetric matrices.

The Hu-Scott was designed for matrices with symmetric sparsity pattern [STFC, 2020].
Furthermore, a previous publication showed that the MPG heuristic provided in general better pro-
file results than the Hu-Scott heuristic [Gonzaga de Oliveira et al., 2019a]. Table 8 partially repro-
duces these results.

Tabela 8: Profile results given by the MPG and Hu-Scott heuristics applied to eight nonsymmetric matrices.
Matrix n |E| profile0 MPG t(s) Hu-Scott t(s)

FA 10617 72176 34212487 12297127 0.12 14536286 0.35
coupled 11341 97193 35458355 1905438 0.02 1493472 0.06
cage10 11397 150645 14938283 8978703 0.06 9316795 0.05
fd15 11532 44206 26738656 15582864 0.13 14399331 0.12

sinc15 11532 551184 30494313 18327088 0.13 21726329 0.40
circuit 3 12127 48137 1015101 298785 0.11 811345 0.12

appu 14000 1853104 96358011 91330379 5.70 91649005 0.77
cage11 39082 559722 802478040 70618331 0.40 519218965 3.35

Nr. of best results — — — 6 5 2 3

5. Conclusions
This computational experiment evaluated six existing low-cost heuristics for profile re-

duction (Sloan’s, MPG, NSloan, Sloan-MGPS, Hu-Scott, and NMPG heuristics). These heuristics
compute symmetric permutations to reduce the profile of sparse matrices.

The Hu-Scott heuristic is a multilevel Sloan algorithm. This study used the routine MC73
contained in the HLS library [STFC, 2020]. The results showed that this algorithm yielded the
highest number of best results in experiments performed on symmetric matrices, including when
executed in tandem with the Hager exchange method implemented in the routine MC67 contained
in the same library. The results were different when using nonsymmetric matrices. The heuristics
evaluated did not reduce the profile of 18 out of 53 nonsymmetric matrices used. Among the
heuristics appraised, consistent with the current literature [Gonzaga de Oliveira et al., 2018], the



MPG heuristic yielded the highest number of best profile results. This heuristic delivered the best
profile results when applied to 15 nonsymmetric matrices.

The next step in this work is to evaluate low-cost heuristics for profile reductions imple-
mented using parallel libraries (e.g., OpenMP, Galois, and Message Passing Interface systems) and
in GPU-accelerated computing. Similarly, regarding massively parallel computing, an evaluation
of these heuristics implemented within the Intel R© Math Kernel Library running on Intel R© Xeon R©

Scalable processors is another future step of this investigation.
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