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ABSTRACT

In recent years, employing Unmanned Aerial Vehicles (UAVs), a.k.a. drones, to col-
lect data has gained popularity. Often, the use of UAVs allows for a reduction in costs for many
operations. However, constraints due to the flight dynamics have often been neglected. In this
paper we introduce the Unmanned Aerial Vehicle Routing and Trajectory Optimisation Problem
(UAVRTOP), the problem of optimising the routes and trajectories of a fleet of UAVs. Motivated
by a disaster assessment application, we propose a variant in which a fleet of autonomous aerial
gliders is due to photographing a set of waypoints. We propose a Mixed-Integer Non-linear Pro-
gramming (MINLP) formulation for this variant. In addition, we present a heuristic method that
is composed of a novel trajectory optimisation heuristic and a classical routing matheuristic. We
perform computational experiments with real-life instances based on flood risk maps of cities in the
UK.

KEYWORDS. Unmanned Aerial Vehicles. Drones. Routing. Trajectory Optimisation.

1. Introduction

Unmanned Aerial Vehicles (UAVs) are aircraft that do not need a human pilot on board.
In general, these vehicles are either controlled by an embedded computer or by a pilot operating
a remote control. Drones, remote controlled helicopters and unmanned gliders are examples of
UAVs. Gliders differ from the other types due to the lack of on-board propulsion.

The academic routing community has acknowledged the interest of companies and or-
ganisations in adopting UAVs in their operations. However, the UAV routing literature has often
neglected constraints due to the flight dynamics of UAVs. For some real-world applications involv-
ing more complex UAV systems, such as unmanned gliders and fixed-wing vehicles, the definition
of routes must be coupled to the design of flyable trajectories, otherwise the assigned routes might
become inefficient of even infeasible for these UAVs.
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Research about integrated routing and Trajectory Optimisation (TO) problems seems to be
still fragmented. In this work, we introduce the UAV Routing and Trajectory Optimisation Problem
(UAVRTOP), which consists of optimising the routes and trajectories for a fleet of UAVs subject
to flight dynamics constraints. We believe that integrating TO and routing in a single optimisation
problem is a key research challenge in adopting UAVs for real world applications.

In disaster assessment applications, UAVs play an important role on collecting informa-
tion. The data generated by a UAV can be analysed in order to, e.g., coordinate rescue efforts,
detect building failures, detect casualties in life-risk situations and allocate resources efficiently.
An alternative to the use of expensive powered UAVs are low cost balloon-launched autonomous
gliders [Crispin, 2016]. However, these gliders are highly dependent on wind conditions that are
usually incorporated into flight dynamics. Therefore, integrating routing and trajectory optimisation
is necessary for applications involving a fleet of gliders.

In this paper, we are interested on modelling and solving problems related to routing
and trajectory optimisation of unmanned gliders, with applications on disaster assessment. We
consider the situation where a fleet of gliders is required to fly over a set of waypoints subject to
constraints on the flight dynamics. This problem will be referred to as the Glider Routing and
Trajectory Optimisation Problem (GRTOP). The main motivation to solve this problem arises from
aerial photographing missions in disaster situations, where a fleet of gliders is required to take
pictures of a number of points of interest, e.g., hospitals, schools, residential areas and inaccessible
areas, while optimising some performance criteria such as the mission time.

We propose a multi-phase Mixed-Integer Non-linear Programming (MINLP) formulation
for the GRTOP in which the flight dynamics of the gliders are modelled as dynamic constraints. We
do not attempt to solve this formulation directly, instead we propose a hybrid heuristic method that
is composed of two main building blocks: (i) a Sequential Trajectory Optimisation (STO) heuristic,
designed to cope with challenging task of finding feasible (flyable) trajectories for a given route; and
(i1) a routing matheuristic, capable of generating routes that can be evaluated by the STO procedure,
that combines iterated local search and a set-partitioning-based integer programming formulation.
Computational experiments are performed on real-life instances based on flood risk maps of cities
in the UK as well as in a large number of randomly generated instances.

The remainder of this paper is organised as follows. Section 2 reviews the recent contri-
butions on routing and trajectory optimisation of UAVs. Section 3 presents the disaster assessment
problem, the glider dynamics an a multi-phase MINLP formulation for the GRTOP. Section 4 intro-
duces the proposed matheuristic. Section 5 shows the results of computational experiments. Finally,
Section 6 concludes this work and provides future research directions.

2. Literature Review

In this section, we present recent contributions of articles that studied UAV routing and
TO in an integrated framework.

Zhang et al. [2012] investigated the problem of routing a combat Unmanned Combat
Aerial Vehicle (UCAV) in a 3D environment through stationary ground targets while avoiding no-
fly threat areas. In order to succeed on the attacks, the UCAV must fly within the targets’ allowable
attack region (which consisted of a hollow-cone-like airspace around the target) and respect pro-
jectile release attitude and velocity constraints. The UCAV was modelled by high fidelity 3DOF
Equations of Motion (EOMs) taking wind velocities into account.

In order to solve this problem, Zhang et al. [2012] propose a hierarchical heuristic with
two levels. In the first level, the vehicle’s state space is discretised into a set of feasible points that
intersects the targets’ allowable attack region by using a modified probabilistic road map method.
Then, for every pair of sampled points not in the same target a TO problem was solved to obtain
feasible trajectories (with respect to the vehicle’s dynamics and operational constraints) and their
respective costs. The second decision level consists of solving a Generalised Travelling Salesman
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Problem (GTSP) over the network produced in the first level. This is accomplished by transform-
ing the GTSP into an instance of the Asymmetric TSP by means of the noon-bean transformation
method. The Lin-Kernighan heuristic was then employed to solve the ATSP. In addition, the authors
embedded this algorithm into a real-time framework in order to make this approach more flexible
in practical applications. Numerical experiments showed that this approach is computationally in-
tensive. The authors reported that roughly 50 minutes were necessary to solve a test case with three
targets and one no-fly zone.

Fiigenschuh e Miillenstedt [2015] studied the problem of designing and routing a fleet of
heterogeneous UAVs over a set of waypoints. The waypoints have to be selected from a list, where
a score was associated to each waypoint. The objective was to maximise the total score (defined
as the sum of the individual scores) while minimising the total flight time. The UAVs’ motion was
modelled by piecewise linear dynamics based on Newton’s law of motion. The advantage of using
this model lies on its simplicity, since the discretised version of these EOMs is also linear. On the
other hand, the accuracy of such a model regarding UAVs flight dynamics is limited. In order to
represent the range of the UAVs’ sensors, the waypoints were considered to rest inside a sphere. A
waypoint would be considered visited if a UAV passes through its covering sphere. No-fly zones
and collision avoidance among the UAVs were also considered. Finally, different locations could
be chosen to launch each UAV.

The authors proposed a MINLP formulation to this problem, which was linearised and
could be solved by a commercial Mixed-Integer Linear Programming (MILP) optimisation soft-
ware. Eight instances were created by varying the number of waypoints between 3 and 15, the
number of no-fly zones between 0 and 3 and the number of UAVs between 1 and 2. Computational
experiments showed that bigger instances with 10 and 15 waypoints could not be solved within one
hour. The computation time required to solve smaller problems to optimality varied between 57 and
3400 seconds.

A similar approach was presented by Forsmo [2012]. The author applied Newton’s sec-
ond law in order to model the motion of the UAVs. However, constraints on the magnitudes of
forces, velocities and yaw rates were also imposed, which increased the complexity of the physical
representation of the UAVs. Several operational constraints were considered, such as obstacles and
collision avoidance. Scenarios with up to two UAVs and multiple waypoints were generated. A
MILP formulation was proposed in order to find minimum flight time trajectories visiting all way-
points subject to mission and operational constraints. Computational experiments were performed
over 5 test cases, constructed by varying the number of UAVs (1 or 2), waypoints (6 or 8) and
by imposing or not a visiting order. The authors showed that by CPU times could be reduced by
decreasing the flight time horizon.

In Coutinho et al. [2018], the authors provide a formal definition of the UAV Routing
and Trajectory Optimisation Problem (UAVRTOP). A general multi-phase mixed-integer optimal
control formulation is proposed for this problem. Next, the authors introduce a taxonomy capable
of classifying UAV routing TO problems according to their most relevant features. This taxonomy
includes 20 attributes that are common in the literature. The literature on UAVs routing has been
surveyed and a lack of articles integrating UAV routing and TO has been identified.

In Coutinho et al. [2019], the authors propose a single-phase Mixed-Integer Nonlinear
Programming (MINLP) formulation for the GRTOP, which simultaneously optimises the routes
as well as the flight path along these routes, while flight dynamics are modelled as constraints.
They avoid solving a non-convex problem by linearising the gliders’ flight dynamics, converting
the proposed MINLP into a Mixed-Integer Second-order Cone Programming (MISOCP) problem.
To allow for a more tractable formulation, the dynamical constraints are relaxed and a penalisa-
tion is added to the objective function. Several different discretisation techniques and solvers are
compared.
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3. An application in disaster assessment

We study a variant of the UAVRTOP where a fleet of balloon-lifted gliders is required to
survey a number of points of interest, such as hospitals, schools and residential areas, in order to
assess possible damage and people at risk in the aftermath of a disaster. Gliders are launched and
are expected to land in one of the predetermined landing zones. The position of launch sites can
be estimated using the tool “ASTRA High Altitude Balloon Flight Planner” proposed by Sobester
et al. [2013], available at Zapponi [2013].

Each glider is equipped with a remote camera able to survey objects positioned within
relative ranges. An inverted conic shape is adopted in order to model a cameras’ field of view
(Figure 1). This type of geometry has also been used for UAV-camera systems in Ariyur e Fregene
[2008], Roelofsen et al. [2016] and Nedjati et al. [2016]. We assume that cameras are fixed to the
body of the gliders, and we enforce the gliders to fly in level-flight (or “flat”) over a waypoint in
order to properly photograph the desired object. For the sake of simplicity, we assume that the
fleet of gliders is homogeneous and cameras have the same specifications. For each waypoint, the
cameras’ field of view allows us to define conic-like regions that must be visited by the gliders.

Figure 2 illustrates the geometric representation of a waypoint. In this picture, the object
of interest corresponds to the blue box. Each waypoint is entirely described by (Z;, 7, 73, hi, hi), i €
V', where (Z;, y;) represents the position of the object 7 in the xy plane. Parameter 7; > 0 represents
the radius of a circle in the zy plane enclosing the footprint of the object 7. Parameters h; and h;
denote the minimum and maximum heights in which object ¢ can be photographed, respectively.
The last two components define and constrain the quality of the pictures. Without loss of generality,
we set the cameras’ opening angle « to 45° while the points of interest are assumed to lie in the
same zy plane (i.e., the altitude of each waypoint 7+ € V is assumed to be 0).Considering the
aforementioned assumptions, a glider flying at an altitude A can visit a waypoint ¢ and take a good
picture if it touches or enters the truncated cone covering i, i.e., if (z — z;)% + (y — %)% < (h +
7)2tana = (h +74)%

Landing zones can be defined in a similar way. The tuple (Z;, 9;, 7;) describes the geom-
etry of a landing zone ¢ € L. The first two components define position on the xy plane and 7; the
radius of the landing site. Without loss of generality, we will assume that h; equals O forall7 € L.
The shape of landing zones consists of half-spheres with centres in the xy plane.

h

/IVN(I,I'____

hnufn,

Figure 1: Camera model. Figure 2: Waypoint geometry.

3.1. Glider flight dynamics

The motion of an aerial glider can be modelled by a set of Ordinary Differential Equations
(ODEs). One popular approach consists of employing a set of three-dimensional kinematics and
dynamics EOMss for rigid bodies, such as the ones presented by Zhao [2004].

4
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Let us define the state of a glider at time 7 € R>( as a state vector y (1) = (z(7), y(7),
h(7),v(7),¥(7), (7)) T, where the first three components z(7),y(7) and h(7) of y(7) are the
position of the glider and v(7) € Rx is the relative velocity (a.k.a. airspeed) of the aircraft with
respect to the wind velocity. Finally, 7(7) € R is the air-relative flight path angle and p(7) € R
is the heading angle. The controls (or input) of the system are represented by the control vector
u(7) = (Cr (1), (7)) 7, where C1(7) € R is the lift coefficient and y(7) € R the bank angle. In
the following, the notation “"” is used to represent time derivatives of the variables.

The EOMss of a glider can be expressed by Equations (1-6). For the sake of notation
simplicity, we omit the dependence on time (7) from state, control and auxiliary variables.

mg0 = —D — mgge siny — mgU €os 7y sin ¢ D
mgvy = L cos p — mgge cosy + mgU sin -y sin ¢ 2)
mgv cosyp = Lsinp — mgU Cos 3)
& =wvcosvysiny + U(h) 4)
7 = ¥ COS*Y COS ¥ 5)
h = vsin v, (6)

In Equations (1-6), the wind’s velocity is U (h). The auxiliary variables D and L represent the drag
and lift forces, respectively, acting on the glider. The definition of lift and drag equations as well as
the remaining auxiliary variables can be found in [Betts, 2001].

By re-writing Equations (1-6) so that the time derivatives are isolated and by grouping
the equations, one can obtain a compact representation of the system dynamics as follows:

y= f(Y(T)v u(T)’T)7 (7)

where f(y(7),u(7), ) corresponds to the right-hand-side of the system of ODEs.

3.2. Linearisation and discretisation of the glider’s dynamics

Embedding Equations (1-6) into an optimisation problem generally leads to non-convex
formulations. Local optimisation software for non-linear optimisation often requires high quality
initial guesses. In order to avoid this issue, we lineare the gliders” EOMss. This simplification
is usually preferred in the literature when the dynamics are very non-linear [Ahmed et al., 2015;
Hajiyev et al., 2015; How et al., 2015].

The glider’s equations of motion have been linearised by applying the first order Taylor’s
expansion around certain equilibrium conditions. These equilibrium conditions were defined under
the assumption that all forces acting upon the glider are summing up to zero. After applying Taylor,
we define a linear system of differential equations that describe the movement of the glider.

In this work, we solve the gliders’ EOMss by means of a direct collocation method [Betts,
2001]. This is accomplished by discretising the linear EOMss and adding the resulting expressions
as constraints in the GRTOP. Since the flight time interval [7,, 7¢] and step size n will be fixed for
all methods presented here, the linearity of the EOMss is maintained.

After solving a numerical integration procedure, it is necessary to approximate the actual
solution between collocation points by using a piece-wise polynomial function (e.g., a spline).
Usually, the degree of the polynomial function for approximating the solution is chosen according
to the order of accuracy of the integration method. For example, if a second order method is chosen
in the integration step, then a quadratic spline should be applied to interpolate the controls and a
third order spline should approximate the states.

Euler’s discretisation, for example, works by replacing the controls and system dynamics
by piece-wise linear approximations. Therefore, after solving the numerical integration, one needs
to reconstruct the control and system dynamics trajectories by using a linear interpolation. Let us
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define the independent variable 7 in terms of subsequent time steps ¢ and t + 1, i.e., 7 € [, Ty41].
An approximation for the control function can be written as in Equation (8).

T — Tt

u(T) =u + (ut—i-l — llt) (8)

The approximation for the system dynamics also follows a linear function (Equation (9)).
Moreover, by integrating both sides of this approximation, as in Equation (10), one finds a quadratic
interpolation for the state function, expressed by Equation (11). An appropriate choice for the
integration constant is ¢ = yy.

d
= f+ (e — ) ©)
/dy = (ft + 1 :7 T (fr1 — ft)> dr (10)
(1 —73)2

2 (fi41 — 1) + ¢ (11)

3.3. Multi-phase MINLP formulation

We associate to each arc (i, j) € A a phase of a glider’s trajectory. In this paper, we use
the words phase and arc interchangeably. Let us define y;j4(7ijg) : [0,00) — RS and u;j,(7ij,) :
[0,00) — R? as the state and control Variables respectively, of glider g € G flying through arc

(i,7) € A attime 7354 € R. Let variables T, Ty and TZ ;o Tepresent the initial and final flight times of

the glider g flying on arc (7, j) such that 7;;4 € [77. 7, ij;g].
Let us define variable a;;, € {0, 1} that takes value 1 if glider g traverses arc (i,j) € A
and taking value 0 otherwise. For simplicity, we define the set A’ as the set of arcs not leaving from

the launching point, i.e., A" = A\ {(0,5),j € V'}. The UAVRTOP can be formulated as:

minmax § > (7], = 7)o (12)
(i,5)€A
D agig =Y agy <1LVI€LVgeG (13)
eV eV
YN aijg =1LV eV, j#i (14)
geGieV
> aig— D ajig=0,Yj €V,j £i, Vg€ G (15)
eV eV
aijg((xljg( zgg) ji)2 + (ng( z]g) yl) ) < (h g( zgg) +rz) 7V(Z>]) S A,7Vg eG (16)
aijgﬁi azgghz]g( zgg) E (Z ]) € Alvv.g eG (17)
aijo(ijg(1hhy) = ) + (yijg (1) — 40)* + W2, (1)) < P2 Vi€ V,Vj e LVg e G (18)
—4 < aijgijg(Tig) < 4,V(i,5) € A'\Vg € G (19)
6
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—ﬂ <a ]g/j’ijg(Tz%g) < lavv(z j) € A’,Vg €G (20)

Yijg = fg(¥ijg(Tijg)s Wijg(Tijg): Tijg)aijg, V(i, j) € A, Vg € G (2D
Yikg(Tikg) = ng(TzJ;g)azygajkga V(i j), (4, k) € A,Vg € G (22)
Wikg(Tikg) = Wijg(T, ZJ;g)GZJg%kgv (4,4),(J, k) € A,Vg € G (23)

Tha = TijgQisgQikg V(i 7): (. k) € A,Vg € G (24)
T8y < Tijg < T, Vi, §) € A Vg € G (25)

aijg € {0,1},V(4,j) € A,Vg € G (26)
Yijg(Tijg) € RO, V(i,j) € A,¥g € G 27)
uz’jg(ﬁjg) eR*V(i,j) € AVge G (28)
Tirigs ”g e RV(i,j) € A, Vg € G. (29)

In this formulation, the objective function (12) minimises the flight duration of the longest
route. Constraints (13—15) account for the assignment of routes to gliders. Constraint (13) ensures
that every used glider lands in one of the predetermined landing sites. Constraints (14) and (15)
make sure that every waypoint is visited at least once and that the continuity of routes is preserved.
Constraints (16—-18) ensure that the gliders lie within the respective covering regions of the way-
points and landing sites at the end points of each phase. Constraints (16) and (17) ensure that a
glider g flies within the boundaries of waypoint 7 at time 77, if arc (4, 7) is used, while Constraints
(18) state that a glider g must lie within the boundaries of a landing site at the end of its mission.
Constraints (19) and (20) make sure that glider g is nearly in a “flat” position (i.e., in level flight
within very small pitch (¥) and roll (/i) angles) at the moment it takes a picture of waypoint ¢. Con-
straints (21-25) are related to the flight dynamics of the gliders. Constraints (21) enforce the flight
dynamics of glider g to be applied if this glider flies through arc (7, j). Constraints (22-24) en-
sure the continuity of state, control and time variables is maintained if arc (i, j) precedes arc (j, k)
in a solution. Constraints (25) preserve the time variable within its bounds on arc (4, j). Finally,
Constraints (26-29) define the domain of the optimisation variables.

4. A heuristic routing and trajectory optimisation method

This section describes the proposed matheuristic algorithm, denoted as ILS-STO, for solv-
ing the GRTOP. Sequential Trajectory Optimisation (STO) is a heuristic developed to find feasible
trajectories for a glider flying through several waypoints. The developed approach basically con-
sists of a multi-start Iterated Local Search (ILS) combined with a Set Partitioning (SP) integer
programming formulation, and STO.

The matheuristic procedure performs [ restarts where at each of them an initial solution
is generated using a greedy randomised insertion heuristic, whose detail description can be found
in Subramanian [2012]. Since we aim at minimising the maximum route cost, the only routes
considered for insertion in a particular iteration are those where its associated estimate cost is strictly
smaller than the estimate maximum route cost of the partial solution. The method then iteratively
tries, for Iyrg iterations, to improve the initial solution by means of local search and perturbation
mechanisms. If a solution s is improved (with respect to f(.)) after the local search phase, then the
best current solution is updated. The pool of routes (Rpool) is updated by adding the feasible routes
from s. The best solution found after each restart is possibly updated in lines. Finally, the algorithm
tries to find the optimal combination of the feasible routes stored in Rpool by solving a SP-based
problem using a general purpose MILP solver. Algorithm 1 shows the pseudocode of ILS-STO.

Our STO heuristic can be described as follows. Let S be the set of all subsequences (or
routes) of V' starting at 0 and ending at a launching point in L, such that every waypoint is visited
exactly once. W.Lo.g., we can define an element r of S as r = (ig,91,...,%),01,...,01—1 € V
and 7; € L. The trajectory of a glider flying through route 7 is then divided into n, — 1 phases
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Algorithm 1 ILS-STO
1: Procedure T1.S-STO (Ir, I1rs, FThvaz)
2: f* < o0; Rpool + NULL
3: fori:=1,...,Ip do

4: S < GenerateInitialSolution ()

5: s’ « artificial solution with very large flight cost (f(s’) < o)
6: iter <0

7: while iter < I7¢ do

8: s < LocalSearch (s)

9: f(s) < max,es{f(r) « STO(r, FTpraz)}
10: if f(s) < f(s’) then

11: s+ s

12: iter <0

13: Rpool < Rpool U feasible routes from s
14: s <+ Perturb(s’)

15: iter < iter + 1

16:  if f(s") < f* then

17: s s e f(8)

18: s* <= SP (s*, Rpool)
19: return s*
20: end ILS-STO.

according to each arc of the route, where n, denotes the number of elements in route . For a
fixed flight time, each single-phase TO between two waypoints can be solved to optimality as a
Second-Order Cone Programming (SOCP). The minimum flight time on each phase is computed
heuristically by an incremental method. Each phase in route 7 is then connected in such a way that
the initial conditions of arc (7, k) equals the final conditions of arc (4, j) if waypoints 4, j and k are
present in route 7 in this specific order.

5. Computational experiments

The computational experiments described in the next sections were executed in an Intel
Core 17-4770 CPU with 3.40GHz and 16GB of RAM running under Linux Mint 17 64bits (kernel
3.13.0-24). ILS-STO was coded in C++ and CPLEX 12.7 was used, in its standard configuration,
to solve the SOCP subproblems.

In this section, the method for generating instances closely follows the procedure pre-
sented in Coutinho et al. [2019]. We have generated instances having n € {10, ...,50} waypoints
and m € {3,4,5} landing zones. The number of gliders is computed by n, = |n/2],n, < 10.
Five different instances were created for each combination of number of waypoints and landing
zones. Let UJa, b] denote the continuous uniform distribution from a to b. The launching altitude
he, in km, has been chosen from ¢{[4, 5]. These limits on the launching altitude are based on the
values used by Crispin [2016] for an area of 10km?.

5.1. Results on real-life based flood scenarios

A number of instances based on UK cities prone to flooding has been created. They repre-
sent hypothetical flooding scenarios in the cities of Boston, Highbridge, London, Moore (Warring-
ton) and Portsmouth. The so-called UK instances have been constructed as follows. We searched
for flood risk-prone cities in the UK by using risk information maps provided at Government Digital
Service [2017].

For each city, waypoints have been placed in locations with a high concentration of poten-
tial flooding victims, such as hospitals, schools, nurseries, residential areas, asylums and industries
(which could become possible environmental hazards in a disaster situation), using Google maps.
Next, the geographic coordinates of waypoints were collected and converted into Euclidean co-
ordinates. The geometry of the waypoints and landing sites has been chosen in order to match
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the dimensions of the real locations. Figures 3 and 4 depict the selection of waypoints for two
flood-prone areas of two cities in the UK, namely, London and Highbridge. Figure 5 and 6 de-
pict the solutions for 2 UK instances, namely, grtopS_londl (London) and grtopS_highb
(Highbridge).

Figure 3: Waypoints selection for Figure 4: Waypoints selection for
grtopS_londl. grtopS_highb.

1000
1000

= 500

1000

2000

Figure 5: Solution  of Figure  6: Solution  of
grtopS_londl. grtopS_highb.

5.2. Results of the ILS-STO heuristic

We ran ILS-STO ten times for each instance and the results obtained are reported in
Table 1. In this table, Instance denotes the name of the instance. Best Obj. and Avg. Obj.
correspond to the best and average solution costs, respectively. Gap (%) is the average gap between
the average and the best solution costs computed as 100 x [(Avg. Obj. — Best Obj.)/Best Obj.].
Time(s) represents the average makespan and Error the average value of €. CPU(s) is the average
CPU time in seconds spent by ILS-STO, whereas TO(%s) is the proportion of CPU(s) spent on
STO alone.

Table 1: Computational results for the randomly generated instances.

Instance Best Obj. Avg. Obj. Gap(%) Time(s) Error CPU(s) TO(%s)
grtopL_103_1 674.32 674.32 0.00 561.38 11295 27.42 99.89
grtopL_103.2 373.51 373.51 0.00 311.36  62.15 35.90 99.89
grtopL_103_3 538.21 538.21 0.00 50155  36.66 44.52 99.89
grtopL_103_4 398.73 399.00 0.00 33593  62.79 43.15 99.90
grtopL_1035 524.90 524.89 0.00 45551  69.38 29.35 99.89
grtopL_104_1 369.78 414.52 12.10  341.66  72.85 38.36 99.89
grtopL._104 2 416.04 418.81 0.33 37549 4194 37.24 99.89
grtopL_104_3 481.18 481.39 0.02 43464  46.64 28.31 99.90
grtopL_104 4 390.38 443.45 1342 393.14  49.64 36.04 99.90
grtopL_104_5 422.27 422.27 0.00 36092 61.35 45.63 99.89
grtopL_105_1 469.63 469.63 0.00 43388  35.75 40.21 99.88
grtopL_105_2 355.34 373.46 3.31 312.54  54.58 44.93 99.89

continues in the next page
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Table 1 — continued from previous page

Instance Best Obj. Avg. Obj. Gap(%) Time(s) Error CPU(s) TO(%s)
grtopL_105_3 346.34 346.34 0.00 311.24 35.10 31.20 99.90
grtopL_105_4 365.56 389.14 4.63 310.16 72.32 33.62 99.89
grtopL_105_5 400.67 416.75 2.15 360.57 48.72 37.00 99.89
grtopL. 203_1 344.66 349.92 0.00 303.62 41.04 92.17 99.88
grtopL_2032 453.83 453.83 0.00 404.72  49.11 79.76 99.89
grtopL 2033 411.97 413.03 0.26 374.58 38.45 80.51 99.89
grtopL_203 4 456.31 456.62 0.06 398.38 58.23 60.86 99.90
grtopL 2035 454.26 454.26 0.00 395.70 58.56 71.18 99.90
grtopL_204_1 402.10 412.64 1.39 368.30 39.40 69.42 99.87
grtopL_204_2 44487 475.13 6.37 389.15 84.06 62.66 99.89
grtopL 2043 543.11 543.11 0.00 472.21 70.91 59.25 99.87
grtopL 204 4 480.02 480.46 0.03 446.92 33.26 89.72 99.89
grtopL 2045 354.60 362.92 0.53 303.35 53.11 105.62 99.88
grtopL_205_1 354.50 361.31 1.54 306.10 53.86 72.99 99.88
grtopL 2052 428.15 429.45 0.25 385.61 43.62 80.54 99.90
grtopL_2053 440.20 440.20 0.00 396.93 43.27 78.76 99.90
grtopL_205_4 396.84 396.84 0.00 356.98 39.85 79.49 99.89
grtopL_205_5 396.63 396.63 0.00 326.59 70.04 68.98 99.88
grtopL_303_1 588.31 596.05 0.92 522.61 71.12  126.54 99.86
grtopL_3032 503.17 507.25 0.81 444 .49 62.77 96.35 99.89
grtopL_303_3 389.54 393.47 0.00 360.83 28.71 129.48 99.85
grtopL_303 4 425.56 436.05 1.81 384.10  49.15 146.09 99.87
grtopL_303_5 415.57 438.65 5.07 348.30 88.32 117.28 99.84
grtopL_304_1 400.11 406.88 0.37 359.96  41.64 133.73 99.84
grtopL_304_2 375.13 381.04 0.45 327.71 49.09  138.75 99.85
grtopL_304_3 374.75 377.88 0.00 341.29 3346 13553 99.86
grtopL_304_4 378.89 404.03 2.93 354.79 35.21 116.23 99.84
grtopL_304_5 421.70 422.31 0.15 366.61 55.71 127.02 99.86
grtopL_305_1 504.22 504.22 0.00 465.32 38.90  132.55 99.87
grtopL_3052 411.22 416.08 0.00 388.40 22.82  172.39 99.87
grtopL_3053 444.09 444.09 0.00 396.10  47.99 117.51 99.85
grtopL_305_4 358.85 366.87 1.41 314.59 4932 121.17 99.84
grtopL_305_5 395.76 411.80 343 336.88 72.44 93.03 99.85
grtopL_403_1 438.00 449.17 1.18 392.04 51.11 179.79 99.82
grtopL 4032 483.42 483.69 0.05 431.97 51.69  120.92 99.86
grtopL 4033 409.65 409.65 0.00 348.33 61.32 135.14 99.79
grtopL_403_4 472.97 487.56 1.01 410.84 66.91 184.69 99.82
grtopL 4035 390.15 408.51 2.01 364.11 33.89 194.53 99.82
grtopL_404_1 443.04 443.86 0.14 408.25 3542 17497 99.84
grtopL_404_2 474.87 474.87 0.00 415.63 59.23 145.55 99.82
grtopL_404_3 379.25 388.37 1.37 332.28 52.15 179.84 99.79
grtopL_404_4 479.75 488.80 0.32 440.75 40.53 173.03 99.82
grtopL_404_5 510.66 523.30 1.34 472.18 45.33 153.21 99.85
grtopL_405_1 511.35 526.68 3.00 446.68 80.00 135.54 99.85
grtopL_405_2 389.05 397.44 0.92 349.57 43.07 187.04 99.80
grtopL_405_3 424.95 427.46 0.07 387.33 37.90 197.51 99.81
grtopL_405_4 462.53 483.55 1.30 421.97 46.56  172.52 99.83
grtopL_405_5 450.86 456.31 0.34 398.53 53.84  177.90 99.83
grtopL_503_1 417.98 425.57 0.29 372.67 46.51  251.62 99.78
grtopL_503_2 381.15 393.29 1.54 34396  43.06 232.28 99.76
grtopL_503_3 447.50 449.18 0.09 410.16 37.74  238.63 99.83
grtopL_503_4 487.47 494.21 1.35 444.66  49.39  159.25 99.84
grtopL_503_5 409.65 431.03 2.22 368.68 50.08  244.63 99.76
grtopL_504_1 398.75 400.93 0.12 358.41 40.80  260.52 99.79
grtopL_504_2 433.49 448.69 1.19 383.27 55.39  219.62 99.81
grtopL_504_3 464.63 473.04 1.81 415.38 57.66  226.94 99.79
grtopL_504_4 414.33 428.03 0.93 380.53 37.66  230.23 99.79
grtopL_504_5 451.14 460.33 1.08 41330 4273 286.28 99.82
grtopL_505_1 371.25 388.35 3.61 335.19 4947 25446 99.79
grtopL_5052 42497 43493 1.14 381.41 48.38  229.34 99.79
grtopL_505_3 450.11 455.51 0.40 412.01 39.90 250.38 99.81
grtopL_505_4 354.30 380.03 2.82 321.06 4324  269.68 99.77
grtopL_505_5 412.76 418.05 0.80 365.42 50.65  278.35 99.77

From the results reported on Table 1, we can observe that it takes, on average, 385 seconds
to photograph waypoints distributed in an area of 10km?. The minimum amount of time necessary
to finish a mission was around 300 seconds, while the maximum was around 560 seconds. It is
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important to notice that the makespan does not seem to strongly depend on the number of waypoints
of an instance. Finally, the error associated to each each solution takes a value of ¢ = 51.17, on
average. In Section 5, we showed that the value of ¢ is mostly associated to the value of the position
variables (z,y, h), which may take values of the order of km in our instances. Therefore, the
average value of the error can be considered negligible when compared to the magnitude of the
position variables. In fact, the maximum value of the error term in our experiments was 122.95,
which is also negligible in comparison with the magnitudes of x, y and h.

From a computational point of view, one can observe that ILS-STO is capable of produc-
ing feasible solutions with a small computational effort. The average CPU time spent by the algo-
rithm was never larger than 287 seconds, while the overall average CPU time to solve an instance
was 130 seconds. We point out that STO is clearly the bottleneck of the method, as it substantially
requires more CPU time than the other steps (as shown in column TO(%s)). From the relatively
small values of the average gaps, we can verify that the solutions achieved are rather consistent.
The overall average gap was 1.28%. Only in three cases the average gap was larger than 5%. For
grtopL_104_1 and grtopL_104_4, the average gap was larger than 12%.

6. Conclusions

In this paper, we presented a heuristic algorithm for the GRTOP. We model the TO as a
multi-phase optimal control problem, where the dynamics is allowed to change within a given route.
We proposed a matheuristic algorithm for finding feasible solutions with a small computational ef-
fort. The so-called ILS-STO heuristic is composed of two main building blocks: (i) a Sequential
Trajectory Optimisation (STO) heuristic to find feasible trajectories for a fixed sequence; and (ii) a
routing ILS-SP matheuristic, which combines iterated local search and a set-partitioning formula-
tion, for finding sequences of waypoints that can be evaluated by STO.

Our STO heuristic simplifies the multi-phase trajectory optimisation into a sequence of
single-phase subproblems, which are formulated as SOCPs. Next, each subproblem is solved ac-
cording to the sequence defined by the provided route. A feasible trajectory is then constructed by
patching the solutions of each subproblem together in the provided order. Routes are generated by
an ILS-based framework. Our routing matheuristic is based on the algorithm proposed by Subrama-
nian [2012], where a random variable neighbourhood search is combined with a ILS metaheuristic
and a SP formulation.

We tested the proposed algorithm on 75 new randomly generated instances. Results from
our computational experiments showed that the proposed method is capable of finding feasible
solutions in short computing times. The time required to find a local optimal solution was never
superior to 290 seconds while the overall average gap was only around 1.28%, which shows that
our method is sufficiently robust. Our experiments also showed that the SP-based formulation often
helps on improving the objective function value. Our second set of experiments studied the effect
of varying the maximum allowed number of gliders in the fleet for a subset of instances. Results
showed that a fleet containing between 7 and 10 gliders usually produces better solutions in terms
of makespan and fleet utilisation.

Future research avenues involving the GRTOP could consider alternative objective func-
tions, such as optimising the fleet size and mission costs. Alternatively, equity objectives (e.g.,
optimising latency or the latest arrival) could also be taken into account. Moreover, the launching
position of the gliders can as well be optimised as it might affect service times. Finally, by employ-
ing more accurate glider’s dynamics one could achieve more realistic solutions. Nonetheless, this
would require more sophisticated trajectory optimisation methods.
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