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Departamento de Ingenierı́a Eléctrica - Universidad de Santiago de Chile

Avenida Ecuador, 3519, Santiago, Chile
pablo.adasme@usach.cl

RESUMO
O problema da árvore geradora mı́nima rotulada (PAGMR) é definido em um grafo

não-direcionado G = (V,E,L) com conjunto de vértices V , conjunto de arestas E, e conjunto
de rótulos L. Cada aresta e = {i, j} ∈ E é associada a um custo não-negativo ce e a um rótulo
le ∈ L. O PAGMR é NP-Difı́cil e visa determinar uma árvore geradora mı́nima com no máximo
K rótulos distintos, onde K é um número inteiro positivo dado como entrada. Neste trabalho,
propomos modelos em programação matemática para o PAGMR, assim como um algoritmo de
decomposição de Benders. Experimentos realizados em instâncias aleatórias indicam que nossas
abordagens alcançam melhores resultados do que os encontrados na literatura. Para valores peque-
nos de K, em particular, o algoritmo de Benders se mostra a mais promissora das técnicas.

PALAVRAS CHAVE. Otimização combinatória, Programação matemática, Problema da
árvore geradora mı́nima rotulada.

Área Principal: Otimização combinatória, Programação matemática.

ABSTRACT
The label-constrained minimum spanning tree (LCMST) problem is defined for an un-

directed graph G = (V,E, L) with set of vertices V , set of edges E, and set of labels L. Each edge
e = {i, j} ∈ E is associated with a non-negative cost ce and a label le ∈ L. The LCMST pro-
blem is NP-Hard and aims at determining a minimum spanning tree with at most K distinct labels,
where K is a given positive integer. In this work, we propose mathematical programming models
for finding the LCMST as well as a Benders decomposition algorithm. Experiments performed on
randomly generated instances show that our exact approaches outperform those from the literature.
For small values of K, in particular, the Benders algorithm shows to be the most promising exact
technique.

KEYWORDS. Combinatorial optimization, Mathematical programming, Label-constrained
minimum spanning tree.
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1. Introduction
Some network design problems require integrating distinct types of data transmission

equipments as coaxial cable, fiber optics cable, twisted pairs cable, microwave, etc. Communication
along each link requires a specified media type. Smaller is the number of different media types in
a network topology, less complex is its data communication process. Other important and frequent
concern for network designers is the cost of the data communication network defined as the sum of
its link costs. In this work we are interested in a tree network topology of minimum cost where the
number of distinct media types allowed for the whole network is limited above by a given threshold.

Formally, we are given an undirected connected graph G = (V,E, L) with set of verti-
ces V , set of links (edges) E, and set of labels (distinct media types) L. Each edge e = {i, j} ∈ E
is associated with a non-negative cost ce and a label le ∈ L. The problem is to determine a label-
constrained minimum spanning tree (LCMST, for short) of G where the maximum number of dis-
tinct types of communications media is at most a given integer K. The LCMST problem was in-
troduced and proved to be NP-Hard in (Xiong, 2005). In the literature, we find mixed integer linear
programming (MILP) models for finding the LCMST, such as flow-based ones (Xiong et al., 2008).
Heuristic methodologies can also be found for the problem such as the genetic algorithm (GA)
in (Xiong et al., 2008) and the variable neighborhood search (VNS) in (Naji-Azimi et al., 2010).
In the former approach, each GA chromosome is encoded as a set of labels from the total set of
combinations 2|L|. The decoding stage is conducted by Prim’s algorithm, which computes a mi-
nimum spanning tree in the subgraph induced only by labels available in the chromosome. In the
latter approach, an initial solution is constructed by VNS when selecting a minimal set of labels
that results in a connected graph. Both shaking and local search phases follow the VNS paradigm
and dynamically explore distant neighborhoods of the current incumbent solution.

In this paper, we propose and compare several mathematical programming models and a
Benders decomposition algorithm for the LCMST problem. Computational experiments performed
on randomly generated instances indicate that our approaches outperform state-of-the-art MILP
models for the problem. In particular, for small values of K (for instance, K ≤ 8), we show that
the Benders algorithm is more efficient than current exact solution approaches.

The remainder of the text is organized as follows. In Section 2, we present existing models
for the LCMST problem. In Section 3, we conceive new mathematical programming models. In
Section 4, we outline a Benders decomposition algorithm. In Section 5, we present computational
experiments. In Section 6, we present a brief conclusion and further directions of research.

2. Flow-based models
Initially, we present two flow-based MILP models for the LCMST problem from the

literature (Xiong et al., 2008). Consider the following binary decision variables.

xe =

{
1, if edge e belongs to a spanning tree solution,
0, otherwise.

for all e ∈ E, and

yk =

{
1, if label k is used in a spanning tree solution,
0, otherwise.

for all k ∈ L.

2.1. Aggregated single-commodity flow-based model
The single-commodity flow-based model uses flow variables fij ≥ 0, for all (i, j) ∈ A,

where A denotes the set of arcs obtained as A = {(i, j), (j, i) : ∀ {i, j} ∈ E}, with each arc
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(i, j) ∈ A having label lij equivalent to le, e = {i, j}. The idea is to set vertex 1 as root node. It
sends one unit of flow to each other node. The model is as follows.

(SCF ) min
∑
e∈E

cexe (1)

s.t.
∑
e∈E

xe = |V | − 1 (2)∑
(i,j)∈A

fij −
∑

(j,i)∈A

fji = 1, ∀j ∈ V \ {1} (3)

∑
(i,1)∈A

fi1 −
∑

(1,i)∈A

f1i = −(|V | − 1) (4)

fij + fji ≤ (|V | − 1)xe, ∀e = {i, j} ∈ E (5)∑
e∈E | le=k

xe ≤ (|V | − 1)yk, ∀k ∈ L (6)

∑
k∈L

yk ≤ K (7)

xe ∈ {0, 1}, ∀e ∈ E (8)

yk ∈ {0, 1}, ∀k ∈ L (9)

fij ≥ 0, ∀(i, j) ∈ A (10)

The objective function (1) minimizes the cost of the spanning tree. Constraint (2) limits
the number of edges to be |V | − 1. Constraints (3) and (4) ensure that the root vertex “1” sends
one unit of flow for the remaining V \ {1} vertices. Constraints (5) establish that the flow transits
only on edges belonging to the spanning tree. Constraints (6) state that we can have up to (|V | − 1)
edges with label k ∈ L in the solution if this label is used. Constraint (7) sets an upper bound on
the number of distinct labels. Constraints (8)–(10) define the domain of the decision variables.

2.2. Multi-commodity flow-based model
Define the following decision variables.

aij =

{
1, if arc (i, j) belongs to a spanning tree solution,
0, otherwise.

for all (i, j) ∈ A. In addition, let fhij ≥ 0 be the flow from the root node 1 to vertex h in arc (i, j),
for all (i, j) ∈ A and for all h ∈ V \ {1}. The model is the following.

(MCF ) min
∑
e∈E

cexe

s.t. (2), (6), (7), (8), (9)∑
(i,j)∈A

f jij −
∑

(j,i)∈A

f jji = 1, ∀j ∈ V \ {1} (11)

∑
(i,1)∈A

f ji1 −
∑

(1,i)∈A

f j1i = −1, ∀j ∈ V \ {1} (12)

∑
(i,j)∈A

fhij −
∑

(j,i)∈A

fhji = 0, ∀h, j ∈ V \ {1}, j 6= h (13)

fhij ≤ aij , ∀(i, j) ∈ A,∀h ∈ V \ {1} (14)

aij + aji ≤ xe, ∀e = {i, j} ∈ E (15)
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aij ∈ {0, 1}, ∀(i, j) ∈ A (16)

fhij ≥ 0, ∀(i, j) ∈ A,∀h ∈ V \ {1} (17)

Constraints (11)–(13) are flow conservation constraints guaranteeing a connected solu-
tion. Constraints (14) and (15) establish that if some flow is sent along an arc, then the correspon-
ding edge must be selected in the tree. Constraints (16) and (17) define the domain of decision
variables.

3. New MILP models
In this section, we formulate the LCMST problem by employing well-known sub-tour

elimination constraints (SECs). The root vertex is the one labeled as “1”. For convenience, we
adopt the same decision variables defined in Section 2, namely, x ∈ {0, 1}|E|, a ∈ {0, 1}|A|, and
y ∈ {0, 1}|L|. The first model is

(EDM) min
∑
e∈E

cexe

s.t. (2), (6), (7), (8), (9)∑
e∈E(S)

xe ≤ |S| − 1, ∀S ⊂ V : |S| > 2 (18)

Constraints (18) are SECs avoiding cycles in any S ⊂ V . This model has an exponen-
tial number of such constraints. To overcome using all of them, we resort to a branch-and-cut
framework as will be further detailed in Section 5.

3.1. Miller–Tucker–Zemlin constraints
The model of this section takes into account the well-known Miller–Tucker–Zemlin cons-

traints (Miller et al., 1960) to avoid cycles by setting labels to vertices belonging to the solution.
Let ui ≥ 0 be continuous variables, for all i ∈ V . The model is

(MTZ) min
∑

(i,j)∈A

cijaij (19)

s.t. (7), (9), (16)∑
(i,j)∈A

aij = |V | − 1 (20)

∑
i∈V | (i,j)∈A

aij = 1, ∀j ∈ V \ {1} (21)

ui − uj + |V |aij ≤ |V | − 1, ∀(i, j) ∈ A (22)∑
(i,j)∈A | lij=k

aij ≤ (|V | − 1)yk, ∀k ∈ L (23)

u1 = 0 (24)

ui ≥ 0, ∀i ∈ V (25)

The objective function (19) minimizes the cost of the spanning tree defined by arcs. Cons-
traint (20) imposes that the number of arcs in the spanning tree is |V |−1. Constraints (21) guarantee
that the number of arcs entering vertex j ∈ V − {1} is equal to one. Constraints (22) are SECs
assigning labels to vertices such that the label of vertex j is at least one unit more than the one
of vertex i if arc (i, j) is in the solution. Constraints (23) have the same interpretation as in (6).
Constraints (24) and (25) define the domain of decision variables.
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3.2. Directed cutset constraints
Directed cutset constraints Magnanti and Wolsey (1995) are often employed into exact

methods to avoid cycles in any integer solution. The model is as follows.

(DCUT ) min
∑

(i,j)∈A

cijaij

s.t. (7), (9), (16), (20), (21), (23)∑
(i,j)∈A | j∈S

aij ≥ 1, S ⊂ V : {1} 6⊂ S (26)

Constraints (26) ensure that for any subset of vertices S ⊂ V , {1} 6⊂ S, there is at least
one arc going from V − S to S. As for model (EDM), it is not possible to enumerate all S ⊂ V .
Consequently, they are also handled in a branch-and-cut framework.
3.3. Kaibel–Pashkovich–Theis based constraints

Let an arbitrary edge e = {u, v} ∈ E be part of a LCMST integer solution. When
removing e from it, each vertex w in V \ {u, v} must be either in the component of u or in the
one of v. If w belongs to both components, then it is clear that u, v, and w induce a cycle in the
foregoing (infeasible) solution. The idea presented in (Kaibel et al., 2012) is to define three-index
variables zeij ≥ 0, where zeij = 1 if edge e = {u, v} belongs to the spanning tree and vertex j is in
the component of vertex i, for all e ∈ E, i being extremity of e = {u, v}, and j ∈ V \ {u, v}. The
LCMST model is

(KPT ) min
∑
e∈E

cexe

s.t. (2), (6), (7), (8), (9)

xe − zeik − zejk = 0, ∀e = {i, j} ∈ E,∀k ∈ V \ {i, j} (27)

x{i,j} +
∑

h={i,k}∈E | k/∈{i,j}

zhkj = 1, ∀i ∈ V,∀j ∈ V − i|{i, j} ∈ E (28)

zeij ∈ {0, 1}, ∀e = {u, v} ∈ E,∀i ∈ {u, v},∀j ∈ V \ {u, v} (29)

Constraints (27) and (28) break sub-tours by ensuring that if an edge e = {u, v} belongs
to the spanning tree, than the vertices in V \ {u, v} may be either on the component of u or in the
component of v. Constraints (29) define the domain of decision variables.
3.4. Martin based constraints

The model of this section uses decision variables presented in (Martin, 1991) to break
cycles. We defined λkij = 1 if edge e = {i, j} is in the solution (i.e. xe = 1) and it is oriented with
respect to node k from j to i in the graph induced by x; and 0 otherwise, for all k ∈ V , and for all
e = {i, j} ∈ E. The model is as follows.

(MRT ) min
∑
e∈E

cexe

s.t. (2), (6), (7), (8), (9)

λkij + λkji = xe, ∀k ∈ V,∀e = {i, j} ∈ E (30)∑
{i,j}∈E

λkij = 1, ∀i, k ∈ V, i 6= k (31)

λkkj = 0, ∀k, j ∈ V, j 6= k, |{k, j} ∈ E (32)

λkij , λ
k
ji ∈ {0, 1}, ∀k ∈ V,∀e = {i, j} ∈ E (33)

Constraints (30) and (31) help to prevent the existence of sub-tours in the solution. Cons-
traints (32) and (33) define the domain of decision variables.

https://proceedings.science/p/85415?lang=pt-br

https://proceedings.science/p/85415?lang=pt-br


3.5. Path orienteering constraints
Let precedence variables pij ≥ 0 indicate if there is a directed path going from i to

j (value 1) or not (value 0), for all i, j ∈ V , i 6= j. Precedence variables have been recently
attached in SECs to solve combinatorial optimization problems defined under a tree topology, e.g.
the optimum communication spanning tree (Luna-Mota, 2015). The model is

(PREC) min
∑

(i,j)∈A

cijaij

s.t. (7), (9), (16), (20), (21), (23)

aij ≤ pij , ∀(i, j) ∈ A (34)

pij + pji ≤ 1, ∀i, j ∈ V, i 6= j (35)

pij + ajk ≤ 1 + pik, ∀(j, k) ∈ A,∀i ∈ V \ {j, k} (36)

pik + ajk ≤ 1 + pij , ∀(j, k) ∈ A,∀i ∈ V \ {j, k} (37)

pij ≥ 0, ∀i, j ∈ V, i 6= j (38)

Constraints (34) state that if there is an arc (i, j) ∈ A belonging to the solution, then a
directed path from i to j must exist. Constraints (35) establish, for all (i, j) ∈ A, that there is a
directed path either from i to j or from j to i. Constraints (36) impose that, if there is a directed
path from i ∈ V to j ∈ V and arc (j, k) belongs to the solution, then there is also a directed path
from i to k. Constraints (37) state that, if there is a directed path from i ∈ V to k ∈ V and arc
(j, k) belongs to the solution, then there is also a directed path from i to j. Constraints (38) define
the domain of decision variables.

4. Benders decomposition
Benders decomposition (Benders, 1962) has been widely applied to hard combinatorial

optimization problems (see the recent work of Rahmaniani et al. (2017) for a literature review).
The idea behind the classical Benders algorithm is to decompose the original problem into a master
problem and a subproblem. The master problem contains complicating variables in the sense that,
when they are set to a given value, the resulting optimization problem (namely, the subproblem)
becomes a linear problem that is significantly easier to solve and for which we can use standard
duality theory to perform row generation to be included to the master problem. Both master pro-
blem and subproblem are iteratively solved to guide the search process until a stopping criterion is
reached.

To solve the LCMST problem by Benders decomposition, we resort to the flow-based
model (SCF ). When we fix values for complicating variables x and y, say x̄ and ȳ, the resulting
problem is as follows.

(SBP ) min
∑

(i,j)∈A

0fij (39)

s.t.
∑

(i,j)∈A

fij −
∑

(j,i)∈A

fji = 1, ∀j ∈ V \{1} (40)

∑
(i,1)∈A

fi1 −
∑

(1,i)∈A

f1i = −(|V | − 1) (41)

fij + fji ≤ (|V | − 1)x̄e, ∀e = {i, j} ∈ E (42)

fij ≥ 0, ∀(i, j) ∈ A (43)

whose objective function (39) can also be calculated by solving its dual. Assuming dual variables
α ∈ R|V |, β, and γ ∈ R|E| related to constraints (40), (41) and (42), respectively, the subproblem
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of the Benders decomposition scheme is as follows.

(SBD) max
∑

j∈V \{1}

αj − (|V | − 1)β +
∑
e∈E

x̄e(|V | − 1)γe (44)

s.t.
∑

k∈V \{1}

g(i, j, k)αk + h(i, j)β + γ{i,j} ≤ 0, ∀(i, j) ∈ A (45)

αj ∈ R, ∀j ∈ V \ {1} (46)

β ∈ R (47)

γe ≤ 0, ∀e ∈ E (48)

with g(i, j, k) =


−1, if k = i,
1, if k = j,
0, otherwise.

and h(i, j) =


−1, if i = 1,
1, if j = 1,
0, otherwise.

whereas its corresponding

Benders master problem is written as follows.

(M) min
∑
e∈E

cexe + z (49)

s.t.
∑
e∈E

xe = |V | − 1 (50)∑
e∈Ek

xe ≤ (|V | − 1)yk, ∀k ∈ L (51)

∑
k∈L

yk ≤ K (52)

z ≥
∑

j∈V \{1}

ᾱj − (|V | − 1)β̄ +
∑
e∈E

xpe(|V | − 1)γ̄e, ∀p ∈ P (53)

∑
j∈V \{1}

ᾱj − (|V | − 1)β̄ +
∑
e∈E

xqe(|V | − 1)γ̄e ≤ 0, ∀q ∈ Q (54)

xe ∈ {0, 1}, ∀e ∈ E (55)

yk ∈ {0, 1}, ∀k ∈ L (56)

where P and Q are the sets of extreme points and extreme rays of the Benders subproblem (SBD),
respectively.
5. Computational experiments

We implemented all mathematical programming techniques of Sections 2, 3 and 4 and
compare all of them. They all were coded using CPLEX 12.7 and Java concert technology. Our
experiments were performed on a PC Intel Pentium i7, 8 × 3.60 GHz, 16 GB RAM under Linux
Ubuntu 14.05 LTS. Due to high number of exact methods taken into account to evaluation purposes,
we set a CPU time limit of 3600 seconds for each instance. Other CPLEX parameters are set as
default values.

Note that models (EDM) and (DCUT ) require an exponential number of constraints
associated with sub-tour elimination process. To solve LCMST instances with these models, we
resort to a branch-and-cut algorithm that searches for violated inequalities (18) and (26). More
precisely, we first omit such constraints from (EDM) and (DCUT ), respectively, and always
when an integer solution is found by CPLEX, we detect connected subsets S ⊂ V containing a
cycle by using a depth first search (DFS) routine. We proceed by adding violated inequalities to
(EDM) and (DCUT ) until the optimal integer solution is found.

The instances adopted in our experiments are complete graphs. As in (Xiong et al., 2008),
we generated them as follows. First, we randomly generated |V | vertices in the integer square
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[0, 999] × [0, 999]. The cost ce of each edge e = {i, j} ∈ E is the Euclidean distance between
i ∈ V and j ∈ V , whereas label le is chosen randomly from the integer interval [1, |L|]. The
number of labels |L| is equal to |V |. For each configuration of |V |, we generated 5 distinct complete
graphs labelled with identifiers to distinguish them. The maximum number of labels K allowed in
the spanning tree varies for each instance. Supplementary instances involving those ones devised
by Xiong et al. (2008) will be used in a future version of this work.

Results in the next tables are grouped by the number of vertices |V |. For each instance,
we give the identifier ID, the maximum number of different labels K allowed in the solution, and
the optimal solution OPT . For each mathematical programming technique, we report the number
of subproblems (bb) solved by CPLEX, the elapsed time (cpu) in seconds to obtain the optimal
solution, and the integrality (gap) in percentage between the linear relaxed solution and the optimal
one (except for the Benders decomposition algorithm, referred to as BD in the sequel). The symbol
“n/a” means values not available due to either time or memory limitation. In our experiments, we
considered |V | = |L| = 25 (Table 1), |V | = |L| = 50 (Table 2), and |V | = |L| = 75 (Table 3).

Regarding instances with |V | = |L| = 25, (EDM) and BD proved to be the most
efficient exact approaches. The average CPU time required to obtain the optimal solution for the
whole set of instances was 0.14 and 0.37 seconds, respectively, while (SCF ) and (MCF ) needed
1.30 and 20.29 seconds. The smallest number of subproblems solved by CPLEX, in average, was
obtained by (MRT ) and it was 3.20. The tightest linear relaxations were presented by (MCF ),
(KPT ), and (MRT ), with average gap equal to 20.27 for each one.

Concerning instances with |V | = |L| = 50, the two best CPU times, in average, were
observed by (EDM) and (MTZ), namely, 6.44 and 16.79 seconds, respectively. The average
CPU time of BD was 32.11 seconds. Again, (MCF ), (KPT ), and (MRT ) proved to have the
tightest linear relaxations with average gap equal to 39.96 each one. The average number of subpro-
blems solved by (KPT ) was 14.47. For at least one instance, models (SCF ), (MCF ), (DCUT ),
(MRT ), and (PREC) did not reach the optimal solution within the time limit.

Finally, for instances with |V | = |L| = 75, in particular, we considered only the three
most promising (concerning runtime) mathematical programming techniques from Tables 1 and 2,
namely, (EDM), (MTZ), and BD. WhenK ≤ 8, we noticed a strict dominance of BD: it required
a considerably smaller CPU time with respect to both (EDM) and (MTZ). It is worth mentioning
that this behavior is also observed for small values of K (suppose K ≤ 8) in Table 2. The results
then suggest that BD is intrinsically more suitable for solving instances with such characteristic.
When K ≥ 12, for most instances (EDM) performed better than (MTZ) and BD. None of them
found the optimal solution for the whole set of instances within the time limit.

6. Conclusion
The label-constrained minimum spanning tree (LCMST) problem is an NP-Hard combi-

natorial optimization problem appearing in network design. In this paper, we provided mathematical
programming models for the problem and a Benders decomposition algorithm as well. Computati-
onal experiments performed on randomly generated instances indicated that our exact approaches
outperform existing flow-based models presented in the literature. When dealing with instances
requiring a small number of labels, in particular, we noticed a clear dominance of the Benders
decomposition algorithm over LCMST exact models. As future work, we plan to investigate the
application of a Lagrangian relaxation to the LCMST problem. We strongly believe that the La-
grangian scheme can be efficiently used to find both good lower bounds and promising feasible
solutions for the problem. Investigating valid inequalities is also in our scope of research.
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Tabela 3: Results for |V | = |L| = 75
Instance (EDM) (MTZ) BD

ID K OPT bb cpu bb cpu bb cpu

1 4 19240.90 > 3600 63228 453.45 1367 8.55
8 12117.32 102506 564.41 27590 168.91 3028 11.37

12 9555.60 71142 434.25 5633 34.82 10645 22.05
16 8151.00 3251 10.76 5522 16.30 8041 14.98
20 7377.20 2124 4.60 23330 26.68 27622 35.74
24 6896.32 1430 2.74 69100 41.33 115766 73.63

2 4 18264.57 50253 454.59 18235 181.69 1539 7.27
8 11916.73 67048 813.49 118743 493.50 21947 82.60

12 9242.58 853 3.57 60201 133.93 54000 98.88
16 7927.86 411 1.46 183958 242.22 180180 299.70
20 7237.77 736 2.23 197002 191.60 > 3600
24 6835.09 396 1.02 1354187 946.41 > 3600

3 4 17561.36 46245 892.30 30421 355.99 2865 13.01
8 10891.21 357296 2640.66 112050 508.75 113354 437.39

12 8540.82 57448 196.41 41462 134.13 89864 454.65
16 7367.18 1987 4.83 46565 116.21 1171616 2133.43
20 6746.08 3113 5.04 64575 105.99 > 3600
24 6307.49 1939 2.29 73349 105.16 > 3600

4 4 18885.48 46685 847.91 40930 492.35 863 6.38
8 11553.21 66382 667.16 43395 255.80 25676 163.36

12 9080.06 27554 80.18 31676 100.67 44818 66.04
16 7802.03 5924 10.94 47969 96.04 54852 50.47
20 7003.72 643 1.87 98348 128.94 118527 126.96
24 6586.09 674 1.76 229001 178.42 1216297 1120.89

5 4 18686.77 55769 878.08 61021 574.51 875 5.52
8 11951.81 68492 718.60 102418 538.93 186436 787.44

12 9621.17 51095 182.74 > 3600 > 3600
16 8289.25 21226 42.65 393819 461.44 > 3600
20 7396.24 1736 3.99 2312093 3487.17 > 3600
24 6906.31 44738 42.60 > 3600 > 3600
Average n/a n/a n/a
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